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Abstrakt: V prispévku jsou studovany modely pro analyzu zZivotnosti se-
stavené jako kombinace nékolika jednoduchych rizikovych funkci. Uzitec¢nost
takovych modeli je ukdzana na prikladech s umeélymi i redlnymi daty.
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Abstract: The objective of this contribution is to present and explore some
methods of construction and estimation of models based on mixtures of haz-
ard rates. The goal is to demonstrate their usefulness and applicability with
the aid of both artificial and real examples.

Keywords: hazard rate, Weibull distribution, reliability analysis.

1. Introduction, models based on mixtures

Distributions of probability constructed as mixtures of two or more simple
distributions are used frequently in many fields of application, in cases when
no simple model describes the data sufficiently. Such mixtures are based on
the convex combination of probability densities or distribution functions, in
order to ensure that the final function is also a density (or distribution func-
tion). The most popular model is composed from a set of normal densities.
The simplest example is the following:

f(x) =p1- fi(z) +p2- falz). (1)

Interpretation (used also in cluster analysis) could be such that with proba-
bility p; an item belongs to first group having distribution with density f1,
with probability p, to the second group. It is also the way how data repre-
senting mixture (1) could be generated. Further, probability densities (and
normal densities in particular) are used also as components for the construc-
tion of regression models, in the same way as regression splines. For instance
a combination (now it need not be convex) of gaussians (in this context called
also “radial basis functions”) is used to create a curve or surface.
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In the statistical reliability analysis, when modeling the time to failure,
one of often used characteristics is the hazard rate (HR) h(t) or its integrated

version, the cumulative hazard rate (CHR) H(t) = fot h(z)dz. Let us denote
F(t) the distribution function and S(t) = 1 — F(t) the survival or reliability
function, then H(t) = —In(S(¢)). The use of hazard rate as one of basic
characteristics suggests that the mixture models in reliability could be based
as well on mixtures of hazard rates instead on mixtures of distributions.

The first step, namely the linear failure rate model h(t) = a + bt was
proposed already in Kodlin [5], polynomial failure rate models have then
been studied in Bain [1], advanced computation methods also in Pandey et
al. [7]. Nonlinear (and no polynomial) models h(t) = a + bt?, a,b,v > 0
and methods of estimation have, naturally, also been examined, for instance
in Salem [9]. Some systematic recent investigation is also due Tien Thanh
Thach from the Technical University in Ostrava, see for instance Bris and
Thach [3]. Essentially, there is no problem to extend the methods to deal
with more than two components. A question arises, however, whether and
when it is reasonable, improving the fit of model to data significantly. In
fact, both examples used in the present paper are of such a kind, in both it
is shown that two components of additive hazard rate do not suffice.

The next section introduces hazard mixture models in more details. Then,
a comparison of two examples illustrates the difference among mixtures of
distributions and of hazard rates. Section 4 solves an artificial example leading
to the bath-tube shaped hazard rate, and, finally, Sections 5 and 6 solve a real
data case, except a plain sum of hazard rate considering also an incremental
model, i.e. a variant of model with change points.

2. Mixtures of hazard rates

In practical survival data analysis, rather frequently the hazard rate during
the lifetime (not only of a technical device, but also of a biological object)
may have a “bath-tube” shape, decreasing in the first short lifetime period,
then being approximately constant for the most of lifetime, finally increasing
as the object is ageing. This could be a reason for considering a mixture of
three simple hazard rates (see an example in Figure 2 below). Notice that the
mixture of hazard rates need not be convex, as hazard rate is not standardized
(in the sense as the density function is, i.e. that the integral from density
function equals one). Notice also a special property of Weibull distribution:
When its hazard rate is multiplied by a constant, we obtain the hazard rate
of another Weibull distribution. Recall that the Weibull cumulative hazard
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rate can have two forms,

B
H(z)=az" or H(:C):<£>
o
Hence
x \P 1
cH(z)=caz’ =a*2” or H(m):(—*> . af =a/c/P. (2)
o

I shall use mostly the second notation, as it corresponds to the notation in
Matlab (and in Excel, too). From above it is seen that the mixture of two
Weibull hazard rates is equivalent to a simple sum h = h1+hso of other Weibull
hazard rates, parameters of would-be combination are not identifiable.

However, other distribution types have not such property, hence it has a
sense to consider a model — combination (possibly convex) of hazard rates.
What is an interpretation of such a model? The sum of hazard rates h = > h;
corresponds to the hazard rate of a serial system composed from independent
items with h;, the survival time of the system then to minimum of survival
times of components. Multiplication h* = ¢- h then corresponds to a propor-
tional change of hazard rate (it is actually the first step to the “proportional
hazard regression model” or to frailty models), then S* = S°.

Immediately a question arises when one should prefer the model based
on density function or on hazard rate. Naturally, each approach has its ad-
vantages and also specific tools, model fitting methods and procedures. In
general, in both cases the model estimation often uses iterative methods of
optimization of a criterion based for instance on the maximal likelihood, on
Bayes estimation (nowadays often connected with the Markov chain Monte
Carlo method, MCMC), or on some other distance. For instance, one of tra-
ditional methods how to fit the Weibull distribution is based on the least
squares and linear regression. Namely, let theoretical Weibull cumulative haz-
ard rate be H(t) = a-t°, data Tj, i = 1,..., N, estimated CHR H (¢). Then,
after further logarithmization, we obtain the relation

In H(T;) ~ In(a) + 3 - In(T}).

Or, when dealing with additive hazard rate composed from two Weibull haz-
ard rates, we can use the following:

A~

H(Tz) ~ a1 Tfl + a9 T;-BQ,

which is linear at least w.r. to a;-s. The solution is found with the aid of
the least squares method, eventually weighted by the asymptotic variance
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of H. Other criteria can use distances of Kolmogorov-Smirnov and variants
(Cramér-Von Mises, Anderson-Darling) measuring departures of parametric
models from nonparametric estimates of S(¢) or H ().

3. Two examples of mixture models

The first example on Figure 1 shows a case of mixture of two probability den-
sities. Such a model is applicable for instance in the analysis of unemployment
duration, as, roughly, there are two types of people: one with certain quali-
fication and willingness to find a new employment, so called “movers”, here
represented by shorter distribution with density f;. The other type, called
“stayers”, however, have problems with finding a new job, their staying time
in unemployment is represented by density f,. Hence, considering these two
groups together and their proportions, the density of common distribution of
unemployment time is given by a mixture f = p- f1 + (1 —p) - f2. In Figure 1
f1 corresponds to Weibull distribution with a; = 50, 81 = 1.5, fo to Weibull
with as = 150, B2 = 3, p = 0.5.

The second example displayed in Figure 2 shows an instance of the hazard
rate having “bath-tube” shape. It was constructed by mixing a decreasing HR
of Weibull distribution with parameters a; = 1, 81 = 0.5, constant HR (i.e. of
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Figure 1: Example of mixture of 2 densities representing “movers”, fi, and
“stayers”, fa, resulting f = (f1 + f2)/2 (thick curve).
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exponential distribution, as = 30, 2 = 1) and an increasing HR of Weibull
distribution with ag = 150, f3 = 5. The final hazard rate was obtained as
h = p1 hy + p2 he + p3 hg with p; = 0.2, p2 = 0.5, p3 = 0.3. Results are
displayed in Figure 2. As it has already been said, the model is equivalent to
a simple additive one h = h] + h3 + A3, namely with a] = 25, a5 = 60, a3 =
190.8 and S-s the same as above.
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Figure 2: Example of “bath-tubed” hazard rate shape, a mixture of 3 hazard
rates.

4. Artificial data example

The data X;,7 = 1,...,N, N = 500, were generated from the model dis-
played on Figure 2. Hence, it was expected that its HR is given by the sum
of two Weibull and one exponential components. Figure 3 shows nonpara-
metric estimates of the CHR and survival function. The task is to estimate
parametric model. From several methods listed above the maximum likeli-
hood estimate (MLE) was chosen. It is possible, for given parameters, to
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Figure 3: Stepwise: empirical CHR and survival function, dotted are their
kernel-smoothed versions, dashed curves are based on the MLE.

evaluate both the log-likelihood as well as its derivatives. On the other hand,
parameters maximizing the log-likelihood are found just by a random search
(which is here computationally easier than for instance an iteration using the
derivatives repeatedly, like the Newton-Raphson algorithm). Therefore the
result is just approximate, as well the estimates of borders of 90% confidence
intervals. Dashed curves in Figure 3 correspond to the model using the MLE
of parameters, their values are listed in Table 1.

5. Real data example

The data used in this part are “Aircraft windshield failure data” taken from
Ruhi [8], they were analyzed also in several other papers, e.g. in Blischke et
al. [2]. They concern to the “damage or delamination of the nonstructural
outer ply or failure of its heating system”. These failures do not cause a
severe damage to the aircraft but lead to replacement of the windshield. The
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aq a2 ag b1 Bs

MLE | 18.0308 78.1834 | 197.4708 | 0.5047 | 3.6122
LCI 10.8970 42.4971 | 148.4805 | 0.4549 | 2.2910
UCI 25.1646 | 113.8697 | 246.4611 | 0.5545 | 4.9334

Table 1: ML estimates, LCI and UCI are the lower and upper bounds of
asymptotic 90% confidence intervals.

a1 8% 51 52

MLE | 39.3812 | 3.5834 | 0.9571 | 2.9336
LCI 38.0081 | 2.9995 | 0.5560 | 1.9097
PCI | 40.7543 | 4.1673 | 1.3582 | 3.9575

Table 2: ML estimates, LCI and UCI are again the lower and upper bounds
of asymptotic 90% confidence intervals.

data consist of 153 observations, from them 88 are times to failures, the
remaining 65 are censored times when no failure occurred during the time of
observation. It means that we deal with the random right-censoring scheme.
Hence the PLE (Product Limit Estimator) of Kaplan and Meier will be used
as nonparametric estimator of survival function, while cumulative hazard rate
will be estimated by the Nelson-Aalen Estimator (NAE), see e.g. Kalbfleisch
and Prentice [4]. The unit of measurement was 1000 hours.

Both nonparametric estimates are displayed in Figure 4 (stepwise func-
tions), together with estimates obtained from them by kernel smoothing.
Ruhi [8] as well as other authors (references see in Ruhi) tried to describe the
data by models mixing two plain distribution densities. Success of modelling
was assessed by several criteria, as the likelihood or the Kolmogorov-Smirnov
distance of model survival function from the nonparametric PLE. Naturally,
these two criteria lead to different results, though both are asymptotically
consistent. For comparison, I decided to use a model based on mixture of haz-
ard rates with its parameters estimated by the maximum likelihood method.
Figure 5 shows the result (dashed curve), namely the model constructed just
by sum of two Weibull hazard rates. Such a model has 4 parameters. Simi-
larly as above, the best solution was approached by a random search, then
asymptotic confidence intervals were computed from the second derivative
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Figure 4: From above: the NAE with 95% CI-s, kernel-smoothed estimate of
HR, then the PLE with 95% ClI-s, kernel-smoothed estimate of density, data
of Ruhi (2015).

of the log-likelihood. Figure shows that the fit should be improved yet. For
comparison, achieved maximal value of the log-likelihood was —170.14, while
the best result of Ruhi [8] was —176.7 obtained by the mixture of densities of
Weibull and Normal distributions having 4 parameters of components plus
one of mixture.

Estimated parameters of the sum of two Weibull hazard rates are in Ta-
ble 2. It is seen that the first distribution can be taken as the exponential one,
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Figure 5: CHR above, with stepwise NAE, survival functions are below, with
stepwise PLE. Dotted are kernel-smoothed nonparametric estimates, dashed
curves correspond to mixed hazard rates model obtained by the MLE.

i.e. with 87 = 1. Then the MLE of other parameters is comparable, as well
as maximal log-likelihood. Now the model has just 3 parameters estimated
as ap = 38.5612, as = 3.5717, B> = 2.9590, with maximal log-likelihood
—170.16.

Blischke [2] as well as Ruhi [8] considered also the Akaike information
criterion (AIC) for comparison of different models performance. Let us recall
that AIC= 2k — 2L, where k is the number of model parameters and L
equals achieved maximum of the log-likelihood, the model with smaller AIC
is regarded as being better. Hence, in the case of our model with £; = 1
AIC = 346.3, which is less than the AIC of all models considered in Blischke
or Ruhi. The model has the form of the “nonlinear failure rate model” with
h(t) = a + bt?, where a = 1/a; = 0.0259, b = B5/(a5?) = 0.0684, v =
Bo — 1 =1.9590.

As it has been said, there are also other model fit methods available.
For instance the use of the MCMC methods can improve the random search
results, it also offers Bayes credibility intervals for parameters. Naturally,
one may consider mixtures with also other hazard rates types, not limiting
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Figure 6: CHR above, with stepwise NAE, survival functions are below, with
stepwise PLE. Dotted are kernel-smoothed nonparametric estimates, dashed
curves corresponding to change-point model obtained by the MCMC.

himself just to Weibull, or to use more than two components. In fact, kernel
estimate of density functions in Figure 4 below suggests that 3 component
could be optimal. That is why the same data were analyzed also in the next
section, with, it seems, a better result.

6. Change-point models for hazard rates

The task of change point detection belongs among quite well developed sta-
tistical techniques. There exist also results dealing with changes of hazard
rates. While corresponding asymptotic theory connected with the MLE is
rather complicated, cf. Nguyen et al. [6], practical analysis can be based on
rather simple methods detecting a region where the residuals (i.e. reasonably
defined deviation of data from actual model) are crossing a given border.
Our problem could be viewed also as an incremental construction of a sig-
nal model, which means that in detected point of change a new component
is added to current model. This is possible when the change leads to the
increase of hazard.

10
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Param. aq o a3 B B2 B3 Tenr | Teno
Estim. | 31.384 | 2.996 | 0.834 | 0.957 | 1.555 | 2.053 | 0.907 | 3.952
LCrl 20.792 | 2.400 | 0.760 | 0.762 | 1.304 | 2.118 | 0.754 | 3.075
UCrl 39.476 | 3.338 | 1.891 | 1.196 | 1.925 | 4.745 | 1.235 | 4.226
B =1 | 37.705 | 2.883 | 0.877 | 1.000 | 1.811 | 2.273 | 0.835 | 3.914

Table 3: Estimates of incremental model parameters and change-points, with
LCrI and UCrI the lower and upper bounds of sample-based 90% credibility
intervals. The last row — model with 81 = 1.

The example shown in Figure 6 deals still with the data from Ruhi [§].
Figure displays again stepwise estimates (thick) and dotted smoothed esti-
mates, the NAE of the CHR above and the PLE of survival function below.
Further, dashed curves show the best “two change-points” model achieved.
Namely, the model of hazard rate was constructed from one Weibull haz-
ard rate starting from ¢ = 0 and two Weibull hazard rates added at two
times of change, T.n1, Ten2, which also had to be found optimally. Then
]’L(t) = h1 (t) + hg (t — Tchl) . ][t > Tchl] + h3 (t — Tchg) . I[t > TchQ], IH denotes
the indicator function. Thus, the model had 8 parameters. The method of
solution used the Metropolis MCMC algorithm generating a representation
of Bayes posterior distribution of parameters, while their prior distributions
were chosen to be independent uniform, in reasonable intervals. Therefore the
posterior distribution was proportional to the likelihood. Together 50 000 it-
erations of the algorithm were performed, results were taken from last 20 000.
Table 3 contains the “modes” of posterior distribution, i.e. the values max-
imizing the likelihood, and empirical quantiles representing the Bayes 90%
credibility intervals. Achieved maximum of the log-likelihood was —165.5.

Similarly as above it is seen that the first component is close to exponen-
tial. When we fixed (31 = 1, the results were comparable, they are in the last
row of Table 3. The max of log-likelihood was —165.6. Model had just 7 pa-
rameters, with AIC = 345.2, which was even smaller than the best (regarding
the AIC) result in the preceding section.

7. Concluding remarks

The problem of construction of hazard rate from additive components can be
also interpreted as the problem of a regression model fitting the nonparamet-

11
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ric estimate (e.g. smoothed from the NAE). To preserve some interpretation,
the model should be constructed from a small set of given parametric function
and kept non-negative.

In fact, the case studied here was simplified, just sums of Weibull hazard
rates were considered. A next problem to explore is to use (convex) mixtures
of hazard rates of other distributions and to study whether it is possible
to estimate both parameters of distributions and coefficients of mixture and
whether this task is unambiguous. Or, variantly, the flexibility of mixture
models (based either on hazard rates or on probability densities) could be
examined after the time is transformed (e.g. to the logarithmic scale).
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POUZITI BOOTSTRAPOYYCH METOD PRO
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COMPARING METHODS OF TREATMENT
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AN APPLICATION OF BOOTSTRAP METHODS
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Abstrakt: V tomto prispévku nastinujeme pristup, jak porovnat zpiisoby
lécby kritické koncetinové ischemie. Nas pristup je zalozen na aplikaci boot-
strapovych metod s pouzitim softwaru R. Porovnavame empirické hustoty
a empirické distribu¢ni funkce bootstrapovych primeért vybranych bioche-
mickych veli¢in ve tfech 1é¢ebnych skupindch. Déle porovnavame 95% kla-
sické a t-bootstrapové konfiden¢ni intervaly pro ocekdvané hodnoty a 95%
klasické a t-bootstrapové konfiden¢ni intervaly pro popula¢ni mediany vy-
branych biochemickych veli¢in v 1é¢ebnych skupinach.

Klicova slova: bootstrapové metody, kriticka koncetinova ischemie, kme-
nové bunky.

Abstract: In this paper, we discuss a way, how to compare methods of
treatment of critical limb ischemia. Our approach is based on an applica-
tion of bootstrap methods using software R. We compare empirical densities
and empirical cumulative distribution functions of bootstrap means of sev-
eral biochemical parameters in treatment groups. Further we compare 95%
classical and t-bootstrap confidence intervals for expected values, 95% clas-
sical and t-bootstrap confidence intervals for medians, of several biochemical
parameters in treatment groups.

Keywords: bootstrap methods, critical limb ischemia, stem cell.

1. Bootstrapové metody

Pojem bootstrap zavedl Bradley Efron v roce 1979. Podstatou bootstrapu?
je vysetrovani chovani statistiky odhadujici skutec¢né rozdéleni pomoci opa-
kovanych ndhodnych vybéra z vhodné aproximace tohoto rozdéleni. Apro-

1Podrobnéji je tato problematika zpracovana napt. v [1], [2].

13
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ximaci lze provést pomoci empirické distribuc¢ni funkce, popripadé paramet-
ricky, s parametry odhadnutymi napt. metodou maximéalni vérohodnosti.

Néazvu bootstrap predchézelo oznaceni resampling (prevzorkovani), které
vystihuje podstatu konstruovani bootstrapovych vybéri. Proces tvorby boot-
strapovych vybért se da struéné popsat nasledujicim zptsobem. Z malého
vstupniho datového souboru je vybran soubor stejného anebo mensiho roz-
sahu s opakovanim. Postup se B-krat opakuje. Z nové vytvorenych vybért
jsou vycisleny realizace odhadu nezndmého parametru 6. Mnozina realizaci
odhadu nezndmého parametru 6 nyni reprezentuje datovy soubor vétsiho
rozsahu, jehoz rozsah je dan poc¢tem bootstrapovych vybért. Uzitim metod
elementarni teorie pravdépodobnosti lze dokazat, ze nové vznikly datovy sou-
bor obvykle dobte aproximuje rozdéleni odhadovaného parametru ptvodniho
souboru.

Bootstrapové metody jsou vhodné pro aplikaci na data malého rozsahu,
protoze tyto metody maji vétsi rychlost konvergence ke skute¢nému rozdéleni
nez pri uziti centralnich limitnich vét. Pti pouziti bootstrapovych metod neni
nutné splnéni predpokladu normality dat. Nevyhodou bootstrapovych metod
je skutecnost, ze bootstrapové vybéry mohou obcas poskytovat zkresleny ob-
raz reality, zvlasté u dat s odlehlymi pozorovanimi. Proto je nezbytné pri apli-
kovani bootstrapovych metod zjistit, zda bootstrapovy odhad neni zkresleny
diky odlehlému pozorovani. Pro identifikaci odlehlych pozorovani se v téchto
piripadech pouziva metoda zvand jackknife?.

Bootstrapové metody mohou byt aplikovany pro odhady parametrii, o ni-
chz je zndmo, Ze splinuji nasledujici teoretické predpoklady. Odhady musi byt
konzistentni a asymptoticky stabilni. Tyto predpoklady splnuje vétsina zna-
mych statistik, jako je vybérovy pramér, vybérovy rozptyl, odhady parametrt
linedrnich a zobecnénych linedrnich modelf.

1.1. Parametricky bootstrap

Necht X = (X3, Xs,...,Xn) je ndhodny vybér z rozdéleni F'(X,@). Pred-
pokladdme parametricky tvar modelu. Vektor parametria @ = (61,0s,...,0)
vhodné odhadneme vektorem statistik 5, napt. metodou maximalni véro-
hodnosti. Odhady vektoru parametri 6 jsou simulovany pomoci B boot-
strapovych vybérovych souborti, kde N < B << N¥. Pro kazdy boot-
strapovy vybér je vypocitan odhad vektoru parametrii 6, ktery je oznacen

2Metodou jackknife je vypoéten bootstrapovy odhad statistiky pro kazdy soubor,
ktery vznikne z plivodniho datového souboru vynechanim jednoho pozorovani. Pokud se
bootstrapovy odhad dané statistiky po vynechani néjakého pozorovani vyrazné odlisuje od
ostatnich, prislusné pozorovani je klasifikovano jako odlehlé.

14
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g}k\,’i, 1 = 1,2,...,B. Vypoc¢tené odhady jsou pouzity pro aproximaci roz-
déleni odhadu vektoru parametri 6.

1.2. Neparametricky bootstrap

Méjme nahodny vybér X = (X1, Xs,..., Xn) z rozdéleni s neznamou dis-
tribu¢ni funkei F'(X,0). Pro jednoduchost popisu se nadale budeme soustre-
dit na popis situace s jednim skaldrnim parametrem 6, ktery odhadujeme
z dat. V pripadé neparametrického bootstrapu neni zndma apriorni infor-
mace o tvaru rozdéleni F. Neznama distribucni funkce F' je aproximovéna
empirickou distribucni funkci Fly.

Z ndhodného vybéru X = (X1, Xo,..., Xy) je vybrano N prvki s opa-
kovanim (prvni bootstrapovy vybér). Tento postup je opakovan B-krat. Pro
kazdy?® bootstrapovy vybér X* = (X7, X3,..., X}%) je vypoctena realizace
statistiky A}‘w = @{XT,X;‘,...,X]’(,}, i =1,2,...,B. Tedy A}“Vi oznacuje
odhad parametru 6 ziskany z i-tého bootstrapového vybéru. Pro B bootstra-
povych vybéru ziskavame tedy B odhadu parametru 6. Z rozdéleni odhadu
0 ; je aproximovén odhad parametru 6 pivodniho rozdéleni F'(X, ).

Vyse uvedené definice lze pouzit pro nezavisla data. V pripadé zavislych
dat je nutno pouzit parové bootstrapové vybeéry. [2]

1.3. Bootstrapové intervaly spolehlivosti

Existuji tii typy bootstrapovych konfidené¢nich intervali: BC,, ABC, t-boot-
strapové intervaly. Vzhledem k cili této prace se zamérime pouze na t-bootstra-
pové intervaly.

Necht X* = (X7, X5,..., X} ) oznacuje bootstrapovy nahodny vybér
z rozdélent F(X,0), 0%, = 0,{X{, X5,....X}}, i=1,...,B.

Konstrukce t-bootstrapovych interval spolehlivosti je zalozena na pted-
pokladu, ze rozdéleni statistiky T

(1)
se prilis nelisi od rozdéleni statistiky T°

TZQ—H, )

Q)‘

3Pfi znaceni bootstrapového vybéru byva obvykle pro pfehlednost zapisu vynechin
index.
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kde o oznacuje odhad smérodatné odchylky 0 ac* jeho bootstrapovy pro-
tejsek. Tvar t-bootstrapového 100(1 — «)% intervalu spolehlivosti pro odhad
parametru 6 ptivodniho rozdéleni F'(X,0) lze vyjadrit nasledujicim vztahem

P<§—t’{_%8<«9<§—t*%8>:1—a, (3)

kde t}, je a-kvantil statistiky 7. Bootstrapové testovani hypotéz je vyvijeno
jako rozsireni bootstrapovych konfiden¢nich metod.

1.4. Nékteré vypocetni aspekty bootstrapovych metod

Z teoretického hlediska by bylo vhodné provést vsech (2]\;\,—1) riznych vybéri,

resp. NV v8ech moznych vybért. Jiz pro N = 10 je vSak pocet riznych
nahodnych vybéra roven asi 92 000 a pocet vSech moznych vybéra 10 miliard.
P1i pouziti bootstrapovych metod se tedy neprovadi vSechny mozné vybéry,
ale pouze ndhodny vybér z téchto vybért. Obvykle je na bootstrapovy vybér
aplikovana metoda Monte Carlo, kde je B-krat opakované simulovan vybér,
pricemz hodnota poc¢tu vybérai B zavisi na metodé, kterou chceme pouzit.
Pro urceni konfidenc¢nich intervalil je napt. doporucovan pocet vybéri B =
NZlog(log N).

Obecné je doporucovano miniméalné B = 1000 bootstrapovych vybéri pro
odhad kvantilti a distribuc¢ni funkce. V pripadé vybérového primeéru a podob-
nych statistik 1ze obdrzet dobré vysledky jiz pri 500 opakovanich. Pocéet B
bootstrapovych vybéria musi byt vétsi nez rozsah N dat. [3]

2. Charakteristika lékarské studie

Hlavnim cilem lé¢by kritické koncetinové ischemie je zlepseni priutoku krve
nemocnou koncetinou. Tradiéni pristupy jsou zaloZeny na procesu odstranéni
blokddy pomoci chirurgického odstranéni prekazky, resp. pomoci vytvoreni
bypassu v prislusné cévé. Novy pristup lécby kritické koncetinové ischemie je
zalozen na aplikaci preparatu vlastnich kmenovych bunék pacienta. [5]
Studie zabyvajici se 1é¢bou kritické koncetinové ischemie byla realizovana
ve Fakultni nemocnici Ostrava. V ramci studie bylo rozdéleno 53 pacientt do
¢tyr 1écebnych skupin. Data pacienti byla zaznamenana v ramci sedmi 1é-
c¢ebnych kontrol. Aplikace kmenovych bunék byla realizovana cestou do svalu
v blizkosti poskozené tkané (skupina A), nitrozilné (skupina B), resp. intra-
arterialné (skupina C). Skupina D byla kontrolni skupinou pacientt, u nichz
nebyl aplikovan preparat kmenovych bunék. Tito pacienti byli 1éceni nékte-
rym z tradi¢nich zplisobt 1éc¢by. Rozdéleni pacienttit do skupin bylo prove-
deno nahodné uzitim prislusného software. Ve vsech pripadech byly pacien-
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tovi aplikovany vlastni kmenové bunky, které byly ziskdny odbérem kostni
drené. U kontrolni skupiny D, ve které byli pacienti 1é¢eni standardnimi 1é-
cebnymi postupy, nebyl proveden odbér kostni drené, tudiz u této skupiny
chybi hematologické parametry ziskané rozborem kostni drené.

Do studie byli zarazeni pacienti s diagnostikovanou kritickou ischemii zp1-
sobenou PAOD a diabetickou nohou s defektem koncetiny ve stadiu Ruther-
ford IV-V /Fontaine III-IV, tedy pacienti s diagnostikovanym diabetem mel-
litem II. typu, kteri byli na inzulinoterapii.

2.1. Cile studie

Hlavnim cilem 1ékarské studie bylo charakterizovat ii¢innost preparatu z kme-
novych bunék v jednotlivych lé¢ebnych skupinach. Stanovit, ktery zptisob
aplikace preparatu z kmenovych bunék je nejucinnéjsi. Kritériem tcinnosti
byla zména hladin biochemickych a hematologickych veli¢in. Predpokladalo
se, ze aplikace preparatu z kmenovych bunék nitrozilni cestou povede k ome-
zeni potrebné davky inzulinu, snizeni hladin glukézy, cholesterolu a zlepseni
parametrd imunitni odpovédi oproti aplikaci do svalu nebo intraarterialni
cestou. [6]

3. Pouziti bootstrapovych metod pro porovnani zpuasobii
1écby kritické koncetinové ischemie

Rozsah vstupniho datového souboru byl maly, tudiz nebylo mozno pouzit ele-
mentarni statistické metody, u nichz se predpoklada normalita dat. Pristup,
ktery uvadime v tomto ¢lanku je zalozen na bootstrapovych metodach.

Pro porovnani uc¢innosti zptisobu aplikace preparatu jsme pouzili dva
pristupy zalozené na bootstrapovych metodach. Prvnim pristupem bylo srov-
nani empirickych distribuc¢nich funkci a empirickych hustot bootstrapovych
prumeért zmén vybranych biochemickych velicin ve trech lé¢ebnych skupi-
nach. Druhym pristupem bylo srovnani bootstrapovych konfidenc¢nich inter-
valli pro populac¢ni priméry a medidany zmén téchto veli¢in. Z mnozstvi riz-
nych veli¢in, které byly monitorovany (krevni tlak méfeny na palci dolni
koncetiny, LDP, tcpO, ABI, TP apod.), jsme pro ilustraci v této préci zvolili
analyzu hladin cholesterolu v 1ééebnych skupinéch.

Pred pouzitim bootstrapovych metod bylo treba zjistit, zda v souboru
nejsou odlehla pozorovani. Pro identifikaci odlehlych pozorovani jsme pouzili
metodu jackknife. Pro déale sledovany parametr cholesterol byla ve skupiné A
nalezena dvé odlehla pozorovani a ve skupiné B jedno odlehlé pozorovani.
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3.1. Porovnani zptsobt 1écby pomoci empirické
distribucni funkce bootstrapovych priameéra

Uzitim softwaru R jsme vytvorili 1000 bootstrapovych vybéri zvolenych
biochemickych veli¢cin ve tfech lécebnych skupinach. Sestrojili jsme empi-
rické hustoty a empirické distribuc¢ni funkce priameért bootstrapovych vybért
téchto velicin a porovnali jejich grafy. Pro ilustraci jsme na obrazku 1 uvedli
grafy empirickych hustot a empirickych distribu¢nich funkci bootstrapovych
prumeéri hladin cholesterolu.

Nebyl nalezen vyznamny rozdil mezi tvary empirickych distribu¢nich funk-
ci a empirickych hustot bootstrapovych priameérii hladin cholesterolu v 1é¢eb-
nych skupindch. (Posouzeni bylo provedeno vizualné, na zakladé explora¢ni
analyzy.)

Density

0.8

ECDF
04

0.0

| | | | | | | |
38 4.0 4.2 4.4 4.6 4.8 2.0 2.2

Cholesterol (mmol/l)

— GroupA ---- GroupB -—- GroupC

Obrazek 1: Empirické hustoty a ECDF bootstrapovych priameért
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Pozn. Pokud by pri opakovanych simulacich empirickych distribucénich
funkci a empirickych hustot bootstrapovych primeéri vychazely vyznamné
odlisné vysledky, ukazovala by tato skute¢nost na nevhodnost pouziti boot-
strapovych metod pro dana data, resp. na nereprezentativnost dat.

3.2. Porovnani l1écebnych skupin pomoci
bootstrapovych konfidenc¢nich intervali

Pro analyzu srovnani uc¢innosti tii preparatii z kmenovych bunék jsme v této
kapitole pouzili dva pristupy. V 1. ¢asti jsme sestrojili 95% klasické a t-boot-
strapové konfidencéni intervaly pro oc¢ekdvané hodnoty vybranych biochemic-
kych veli¢in v 1é¢ebnych skupindch. V 2. éasti klasické a t-bootstrapové 95%
konfiden¢ni intervaly popula¢nich mediant hladiny téchto biochemickych ve-
licin.

V tabulce 1 jsou uvedeny 95% konfidenc¢ni intervaly pro popula¢ni pruméry
hladin cholesterolu. Pred touto analyzou byla ze souboru odstranéna odlehlé
pozorovani identifikovana metodou jackknife, nebot vyznamné zkreslovala vy-

sledky.

V druhé ¢asti analyzy byla v souboru pro srovnani ponechana odlehla
pozorovani (jako obdoba neparametrického testu). V tabulce 2 jsou uvedeny
95% konfiden¢ni intervaly pro popula¢ni medidny hladin cholesterolu.

Tabulka 1: 95% konf. int. pro o¢ekavanou hladinu cholesterolu (mmol/1)

Skupina | Primér t-konf. int. b-pramér ¢-boot. int.
A 4,12 (3,88; 4,36) 4,12 (3,91; 4,33)
B 4,27 (3,62; 4,92) 4,32 (3,76; 4,88)
C 4,47 (4,04; 4,90) 4,44 (4,04; 4,84)

Tabulka 2: 95% konf. int. pro popula¢ni medidany cholesterolu (mmol/1)

Skupina | Median Median int. b-median t-boot. int.
A 4,27 (3,96; 5,15) 4,24 (3,93; 4,67)
B 4,52 (3,71; 5,86) 4,47 (3,62; 5,45)
C 4,27 (4,07; 5,16) 4,23 (3,82; 4,64)
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Nebyla prokazana existence statisticky vyznamného rozdilu mezi popu-
lacnimi primeéry, resp. mediany, vybranych biochemickych velicin v 1éceb-
nych skupindch (pruniky bootstrapovych konfiden¢nich intervali populac-
nich praméru, resp. mediani, jsou neprazdné). Popula¢ni pruméry a media-
ny vybranych biochemickych veli¢in nejsou zavislé na 1é¢ebné metodé. Zavér
odpovidéa testovani na 5% hladiné vyznamnosti.

3.3. Srovnani klasickych a bootstrapovych
konfidencnich intervali

Jestlize jsou splnény vyse uvedené predpoklady, tak by se bootstrapovy bo-
dovy odhad parametru nemél prilis lisit od klasického bodového odhadu da-
ného parametru. Prilis velky rozdil mezi klasickym a bootstrapovym bodo-
vym odhadem daného parametru ukazuje na nevhodnost pouziti bootstra-
povych metod pro dana data, resp. nutnost zpracovavat analyzu bootstrapo-
vymi metodami az po vyjmuti odlehlych hodnot.

Co se tyce intervalovych odhadi, tak lze zjednodusené konstatovat né-
sledujici. Pokud by nastala teoretickd situace B = N, tak by bootstrapové
intervaly byly Sirsi nez klasické konfiden¢ni intervaly. Divodem je vétsi roz-
ptyl bootstrapovych parametrii. Jelikoz vsak v praxi vzdy volime B >> N,
nastava opacna situace. Bootstrapové konfiden¢ni intervaly jsou uzsi nez kla-
sické konfidencni intervaly. Divodem je vétsi pocet pozorovani pouzitych pro
tvorbu konfiden¢nich intervalt u bootstrapovych intervalil. Bootstrapové me-
tody davaji tedy pri dodrzeni vyse uvedenych predpokladt presnéjsi inter-
valovy odhad zvoleného parametru. Nevyhodou je velky pocet vypocetnich
operaci.

4. Zaver

V prispévku jsme demonstrovali pouziti bootstrapovych metod pro srovnani
ucinnosti tii zpusobu aplikace prepardatu z kmenovych bunék (do svalu, zily
nebo tepny) pii lécbé kritické koncetinové ischemie. Pouzili jsme srovnéni
grafi empirickych distribu¢nich funkci a empirickych hustot vybranych bio-
chemickych parametri v 1é¢ebnych skupinach. Dale jsme porovnali populaéni
pruméry a mediany vybranych biochemickych parametrt v 1écebnych skupi-
nach porovndnim 95% bootstrapovych konfiden¢énich intervald.

Nebyl nalezen prokazatelny rozdil mezi zpiisoby aplikace preparatu z kme-
novych bunék. Nepotvrdil se tudiz lékarsky predpoklad, ze aplikace preparatu
BMAC intravendzni cestou povede ke snizeni hodnot vybranych biochemic-
kych veli¢in, oproti aplikaci intramuskularni nebo intraarteridlni cestou.
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OvsSem je treba zdlraznit, ze vyse uvedeny vysledek analyz neukazuje
prokazala existenci statisticky vyznamného vlivu aplikace preparatu BMAC
na hodnoty nejen biochemickych veli¢in pacienta oproti tradi¢ni chirurgické

metodé. Vysledky téchto analyz je mozno nalézt v publikacéni ¢innosti MUDr.
Véclava Prochazky, Ph.D., MSc., z FN Ostrava. [4]

Podékovani

Autorka dékuje Ceské statistické spole¢nosti za poskytnuti finanéntho piispév-
ku k pokryti vlozného na konferenci Prastan 2017.

V ¢lanku byl pouzit software R (R Core Team (2016). R: A language and
environment for statistical computing. R Foundation for Statistical Compu-
ting, Vienna, Austria. URL: https://www.R-project.org/.
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VZPOMINKY NA ING. MILOSE JILKA, CSC.
MEMORIES OF ING. MILOS JILEK, CSC.

Jan Klaschka

E-mail: klaschka@cs.cas.cz

Koncem letosniho dubna mé zastihla smutna zprava, ze 22. dubna 2018 zemrtel
ve veku 86 let Ing. Milos Jilek, CSc., statistik z generace Ing. Machka a Ing.
Rotha.

Seznamil jsem se s nim pred 40 lety jako jeho diplomant. Pracoval v Mikro-
biologickém tstavu CSAV v Praze-Kréi, ktery posléze ztistal jeho plisobistém
az do dichodu. Diplomova prace se tykala simulace jistého modelu imunitni
reakce. Imunologickym modelovanim se Ing. Jilek zabyval od pocatku 70. let
a publikoval na toto téma radu praci — zpocatku spolec¢né s imunologem prof.
Sterzlem, pozdéji prevazné sdm nebo se svymi doktorandy:.

Druhou oblasti, kde Ing. Jilek zanechal trvalou stopu, jsou toleran¢ni in-
tervaly. Jeho zajem o né se datoval uz od konce 50. let, kdy pracoval v Central-
nim vyzkumném tustavu potravinarského primyslu, a vénoval se jim i ve své
kandidatské praci z roku 1962. Kromé publikovani béznych tzeji zamérenych
praci s obrovskou pili a systemati¢nosti shromazdil a prostudoval mnozstvi
literatury o toleran¢nich mezich a sepsal bibliografii [1, 2] a knihu [3], kter4,
pokud vim, i po 30 letech ziistava nejdikladnéjsim dilem v c¢estiné o daném
tématu.

Nejsou to ovsem ani tak védecké zasluhy, jako hlavné lidské kvality, co mé
k Ing. Jilkovi jesté dlouhé roky po studiich poutalo. Hned pfi prvnim setkani
jsem si nemohl nevSimnout jeho handicapu: Nasledkem obrny, kterou prodélal
v kojeneckém véku, obtizné chodil. VSechny tézkosti zivota s postizenim ale
snasel s obdivuhodnou statecnosti, beze stopy zatrpklosti — naopak, nebylo
snad laskavéjSiho ¢lovéka nad néj. Na pohtrbu zaznélo, ze litoval ne sebe, ale
rodice, jimz jeho nemoc musela zptsobit velkou bolest.

Na rozdil od nékterych svych generacnich souputnikii, kteri pracovali
v oboru do vpravdé kmetskych let, Ing. Jilek odesel pomérné brzy do dichodu,
porozdaval literaturu (vzpominam, jak jsme z jeho dejvického bytu odvazeli
s Jaromirem Antochem na fakultu krabice sebranych ¢lanku) a statistiku ,,po-
vesil na hrebik®. Chtél se vice vénovat své pani, kterd byla také ,obrnarka‘“
a jesté hure postizena nez on. A rad také ziskal vice c¢asu pro svou velkou
zalibu vychazejici z jeho hluboké krestanské viry — studium a sbératelstvi
Bible v nejrtiznéjsich jazycich, prekladech a vydanich.

Naposledy mi Ing. Jilek psal pred lonskymi Vanoci. Nestézoval si viibec
na svoje trapeni (posledni 1éta uz ani nemohl opustit byt), ale zato se snazil,

22



Informacni bulletin Ceské statistické spolecnosti, 2/2018

protoze jsem se mu prave sveril se svymi zdravotnimi problémy, povzbudit
me.

Ing. Jilek byl inspirativnim zivym prikladem, jak Ize i nespravedlivé tézky
zivot prozit s vlidnou tvari a ismévem pro vsechny kolem sebe. Slovem krasny
cloveék.
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INFORMACE Z KONFERENCE ROBUST 2018
ROBUST 2018: IMPRESSIONS

Marta Zambochova

E-mail: marta.zambochova@ujep.cz

Ve dnech od 21. do 26. ledna 2018 probéhl ve stredisku Rybnik na rozhrani
Sumavy a Ceského lesa jubilejni 20. ro¢nik statistické konference ROBUST
2018. Konference je od roku 1980 tradi¢né poradana kazdé dva roky a na
jeji organizaci se podileji Jednota ¢eskych matematikt a fyzikd a Cesk4 sta-
tistickd spolecnost. Letosniho jubilejniho roc¢niku se zucastnilo 86 ucastniki
celkem z péti zemi. Mezi ucastniky nemohl chybét Jaromir Antoch, ktery
byl zatim pritomen na kazdém z poradanych roc¢niki, nebo napriklad Marie
Huskova ¢i Petr Volf, kteri se konference tcastni ,,az“ od roku 1984.

Konference byla zahajena zajimavou zvanou prednaskou Milana Hladika
z MFF UK v Praze, a to na téma intervalové robustnosti v linearnim progra-
movani. Mezi pozvanymi prednasejicimi byli i ekonomové a zastupci statni
statistiky. Byvaly guvernér Ceské narodni banky, nyni feditel institucional-
nich vztaht a hlavni ekonom spolec¢nosti Generali CEE Holding Miroslav Sin-
ger prednesl prednasku o rozhodovani za pritomnosti nejistoty. Téma bylo
zaméreno na ¢eskou ménu a kupnf sflu Cechii. Reditel Sekce makroekono-
mickyrch statistik Ceského statistického tiadu Jaroslav Sixta mél prednasku
nazvanou Odhadovani HDP: Predikce versus realita. Na obé prednasky na-
vazala velmi Siroka diskuze.
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Soucasti konference byla i sekce mladych statistikli, v ramci niz vystou-
pilo 25 studenttt magisterského a doktorského studia. Nejlepsi prispévky byly
ocenény jednak finanéné a jednak vécné. Ceny sponzorovaly spolecnosti RSJ
Securities, a.s., a Nadace RSJ.

Cela konference probéhla jako tradicné ve velmi pratelském ténu a vse
fungovalo na vybornou. Za to patii velké podékovani trojici organizatori Ja-
romiru Antochovi, Gejzovi Dohnalovi a Danielu Hlubinkovi. Vsichni acastnici
se uz nyni tési, na jaké dalsi odlehlé misto je poradatelé pozvou.

Logo letosniho ro¢niku vzeslo ze
soutéze v ramci ROBUST 2016.
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