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Abstrakt: Model konkurencnich rizik je aplikovan na analyzu ¢asti prvnich
géla ve fotbalovych zapasech. Konkuruji si latentni ¢asy vstieleni gélu obou
tymut. Predpoklada se jejich exponencialni rozdéleni, jejich vzajemna zavislost
je popsana pomoci vhodné kopuly. V prispévku jsou zpracovana data ze dvou
rocnikl ceské prvni fotbalové ligy, 2014-2016.
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Abstract: The competing risks scheme is used to the analysis of time to
the first goal in a football (soccer) match. The competing random variables
are two latent times (of two teams) to scoring. It is assumed that these
times are exponentially distributed, their mutual dependence is described by
a copula ensuring the model identifiability. As a real example the data from
two seasons 2014—2016 of the Czech First League are analyzed and compared.

Keywords: competing risks, survival analysis, sports statistics.

1. Introduction and motivation

The main theme of the present study has arisen from the question how im-
portant is the first goal in the football match and, consequently, how strong
is the effort of both teams to score first. The problem of the first goal im-
pact has already been addressed in several papers, either directly, as in Nevo
and Ritov (2013), or implicitly, in dynamic models of scoring process, as for
instance in Dixon and Robinson (1998) and Volf (2009). The latter also con-
tains a brief simulation study showing the dependence of final result on the
first goal author and time, for teams with different characteristics. A common
feature of such models is the dependence of scoring intensities not only on the
characteristics of teams, but also on the match development. As expected, the
results of such studies indicate that the reaction to the goal, either scored or
obtained, can differ and depends on the teams strengths; not just on factual,
but also on psychical strength.
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A basic probabilistic model for the final score of a football match, pro-
posed for instance in Maher (1982), consists of two conditionally independent
Poisson random variables. More flexible models are obtained for instance by
using inflated Poisson models, which are actually the mixtures of Poisson dis-
tribution with a discrete distribution giving higher weights to certain more
frequent results (as 0:0, 1:0, 1:1). Another generalization can consist in con-
sidering changes or/and a time development of model parameters as well as
covariates during the match (again for instance Dixon and Robinson, 1998,
or Volf, 2009). Yet another way of the basic model improvement consists
in considering an explicit form of dependence between both teams scoring
distributions. Let us mention here at least two relevant papers. Karlis and
Ntzoufras (2003) have employed a special case of the bivariate Poisson dis-
tribution. In the same context, McHale and Scarf (2011) have described the
dependence with the aid of a copula model. Interesting is the comparison of
conclusions of both approaches. While the correlation in the former model
is non-negative (by definition), the latter paper concludes that the correla-
tion is negative and is absolutely larger in more competitive matches. It has
to be also said that the use of copula in discrete distribution models is not
easy technically (and then computationally), because marginal distribution
functions are as a rule expressed by sums of point probabilities, not having
a reasonably closed form.

In the present contribution we concentrate to the analysis of the distribu-
tion of time to the first goal. Consequently, we deal with continuous-type dis-
tributions of random times, their dependence is described with the aid of the
competing risks scheme. On one hand the use of a copula for two-dimensional
continuous distribution can lead to a nicely closed form of the model, on the
other hand it is well known that in the competing risks setting the model may
not be identifiable. A proof and an example of this phenomenon are given in
Tsiatis (1975), some instances of identifiable (or not) models are presented in
Basu and Ghosh (1978) — in these classical studies the notion of copula has
not been used yet. Therefore we are facing the problem of reasonable copula
selection. Fortunately, it has been revealed (cf. Zheng and Klein, 1995) that
when the main objective is to estimate the correlation of competing random
variables, the selection of copula type is not of crucial importance.

The next section recalls briefly the scheme of competing risks and the
problem of possible non-identifiability. The Barnett copula model is formu-
lated and the way of its maximum likelihood evaluation is derived. The main
body of the paper is devoted to the application to the analysis of real data
from one season of the Czech First League. The results are discussed and
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compared with the data from another season, the impact of the first goal on
the final match result is examined, too.

2. Competing risks model

The competing risks model assumes that certain events (e.g. a failure of
a device) can be caused by K different reasons. Such a situation is then
modelled by K (possibly dependent) random variables (random times, as a
rule) T, j = 1,..., K, sometimes accompanied by a variable C of random
right censoring. C' is then independent of all T;. Let F(ty,... tg) = P(T) >
t1,...,Tx > tx) be the joint survival function of {7};}. However, instead of
the net times T); we standardly observe just crude data (sometimes called also
the identified minimum) Z = min(74,...,Tk,C) and the indicator § = j if
Z=T; 6=0it Z=C.

2.1. Problem of identifiability

The data structure described above allows a direct estimation of the distribu-

tion of Z = min(T1, ..., Tk), for instance its survival function S(t) = P(Z >
t) = Fk(t,...,t). Further, we can estimate so called incidence densities
. , OF i (t1,...,tK)
fit)=dP(Z=1t,0=j)=— o7, ‘tl:m:tK:t

and also their integrals, the cumulative incidence functions, often called also
the crude distribution functions. They are estimable consistently by standard
survival analysis methods, see for instance Lin (1997). However, in general,
from data (Z;,9;), i = 1,..., N, it is not possible to identify either marginal or
joint distribution of {7} }. Tsiatis (1975) has shown that for an arbitrary joint
model we can find a model with independent components having the same
incidences, i.e. we cannot distinguish between the models. Namely, this inde-
pendent model is given by cause-specific hazard functions h}(t) = f7(t)/S(1).
As a consequence of the Tsiatis (1975) result, it is necessary to make certain
functional form assumptions about the type of both marginal and joint dis-
tribution in order to identify them. Several such cases are studied in Basu
and Ghosh (1978) and in some other papers. More recent results on iden-
tifiability can be found for example in Schwarz et al. (2011) dealing with
non-parametric setting, or in Escarela and Carriere (2003) considering Frank
copula and parametric models.
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2.2. Copula models for dependence

In the sequel we shall consider just 2 competing events, i.e. random variables
S, T and data Z; = min(S;,T;,C;), 0; = 1,2,0,7 = 1,..., N. The notion of
copula offers a way how to model multivariate distributions, we prefer here
to use it for modelling the joint survival function Fh(s,t) of S, 7"

Fo(s,t) = P(S > 5,T > t) = C(Fs(s), Fr(t), 0), (1)

Fg, Fr are marginal survival functions of S and T, C(u, v, ) is a copula, i.e.
a two-dimensional distribution function on [0, 1]?, with uniformly distributed
marginals U, V. 6 is a copula parameter, which is, as a rule, uniquely con-
nected with the correlation of U and V', hence also with the correlation of S
and T'. It is seen that the use of a copula allows us to model the dependence
structure separately from the analysis of marginal distributions. From this
point of view, the identifiability of the copula (and its parameter) and of
marginal distributions can be considered as two separate steps. Zheng and
Klein (1995) proved that when the copula is known, the marginal distribu-
tions are estimable consistently (and then the joint distribution, too, from
(1)), even in a non-parametric (so quite general) setting. However, in gen-
eral, the value of # has to be known. The problem of proper copula choice
is analyzed in a set of papers. Let us mention here Kaishev et al. (2007)
comparing performances of several copula types. As already mentioned, a
common agreement is that the knowledge (or a good estimate) of parame-
ter 6 is much more crucial for a reasonable estimation of a joint distribution.
As a consequence, because the knowledge of copula type is still an unrealistic
supposition, we can try to use a sufficiently flexible class of copulas, as an
approximation, and concentrate on reliable estimation of parameters.

2.3. Barnett copula

Tsiatis (1975) in his example considers two competing random variables S
and T with exponential distributions and the following marginal and joint
survival functions,

Fs(s) = e N Fr(t)=e M, Fy(s,t) = e ASTHET St
The example actually uses so called Barnett copula
C(u,v) =u-v-exp(—0-Inu-Inv), (2)

where 6 > 0. It follows that when U, V' are uniform on [0, 1] random variables
tied by copula (2), their correlation p(U,V) < 0; § = 0 means independence
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of U and V. Further, when (2) is used for connection of S, T' from above, the
parameters are related in the following way: v = 6 - A - u. Figure 1 shows the
dependence of correlation on parameters.

0.1

0.5 1 15
Y. ®

Figure 1: Dependence of p(U,V) on parameter 6 (solid curve) and p(S,T)
on 7, for given p and A\, when S ~ exp(\), T ~ exp(u).

Identifiability of the model consisting of the Barnett copula (2) and expo-
nential marginal distributions has already been proved by Basu and Ghosh
(1978). The model leads to the following likelihood function, given the data
{zi,éi, 1= 1,...,N}Z

B —0F5 (s, t) —0F (s, t) - [6;=0] _
r=]1 (T) ( o Fals 1) -

s=t=z;
i=1 ‘

N
H A+ yz) 0= (4 y20) 0= oz, 2). (3)
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3. Modelling the time to first goal

We shall use the data from the Czech First League, season 2014-15. Six-
teen participating teams played together 240 matches (i.e. twice with each
other, home and away). 21 matches ended without goals. More information on
the Czech football league can be found on http://www.sport.cz/fotbal/
synot-liga/#vysledky. Some statistics is provided also in Volf (2016).

As in the standard model of Maher (1982), each team (i) is characterized
by its attack parameter a; and defence parameter b;, parameter h denotes
the advantage of home field. The scoring intensities to the first goal in a
match between home team ¢ and away team j are then given as a; - b; - h,
a; - b;, respectively. Consequently, the time to the 1-st goal arises from two
competing exponential random variables

Sz'j ~ exp(ai . bj : h) X Tz'j ~ exp(aj . bz)

However, only the incidence of the first of them is observed. Or, in the case
of no-score draw (0:0), times are censored by a fixed value, C; = 90 minutes.
Further, it was assumed that their mutual dependence can be expressed via
the Barnett copula described in Part 2.3.

3.1. Results of analysis

We solved the problem of the maximum likelihood estimation (MLE) of 34
parameters: a;,b; of 16 teams, home advantage parameter h, and y charac-
terizing the dependence. It was assumed that both h and v were the same
in all matches. The results of the MLE of teams parameters are displayed in
Table 1. For computational convenience, we estimated o; = Ina;, 5; = Inb;,
also 0 = In h. The ML estimates of two common parameters (with half-widths
of 95% confidence intervals) were

§ = 0.6417 (0.2046), h = exp(d) = 1.8997, 7 = 0.945 (0.078).

The correlation in each particular match depends on the teams parame-
ters and on two common parameters h and ~y. Its value can be traced roughly
from Figure 1, or computed from the corresponding two-dimensional expo-
nential model. For instance in matches of two leaders, Plzen and Sparta,
numerical computation yielded p(S,7) = —0.569. In a match of teams with
rather poor attack and yet fair defence, as for instance for Bohemians and
Jihlava, we obtained p(S,T) = —0.800 which could be interpreted that the
first goal was even more important. Further, the value of the parameter
h = 1.9 indicated that the chance that the home team scores first was about
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Team « I} a b

Plzen 0.9742 (0.4664) | —1.8874 (1.7569) | 2.6490 | 0.1515
Sparta 0.3662 (0.6055) | —0.9755 (0.8235) | 1.4422 | 0.3770
Jablonec 0.2115 (0.5584) | —1.4791 (1.1286) | 1.2356 | 0.2278
MI. Boleslav 0.8080 (0.5539) | —0.2759 (0.6479) | 2.2433 | 0.7589
Pribram —0.0464 (0.6898) | —0.7362 (0.7491) | 0.9547 | 0.4789
Dukla —0.2479 (0.8046) | —0.0606 (0.5797) | 0.7804 | 0.9412
Teplice 0.0205 (0.6216) | —1.5465 (1.2794) | 1.0207 | 0.2130
Bohemians —1.3719 (1.4189) | —0.6103 (0.6467) | 0.2536 | 0.5432
Slovacko 0.2151 (0.6469) | —0.2541 (0.6111) | 1.2400 | 0.7756
Jihlava —0.2056 (0.7296) | —0.8168 (0.7615) | 0.8141 | 0.4419
Slavia 0.3320 (0.5780) | —0.7249 (0.7983) | 1.3938 | 0.4843
Liberec —0.5043 (0.8504) | —0.3311 (0.6083) | 0.6039 | 0.7181
Ostrava —0.3343 (0.7779) | —0.4247 (0.6289) | 0.7159 | 0.6540
Brno —0.6091  (0.9150) 0.0883 (0.5231) | 0.5438 | 1.0923
Hradec Kr. —0.3694 (0.8226) | —0.1606 (0.5757) | 0.6912 | 0.8517
C. Budejovice | —0.0435 (0.9000) 0.3128 (0.4921) | 0.9574 | 1.3672

Table 1: Results: Estimated parameters «; = Ina;, §; = Inb; (with half-
widths of approximate 95% conf. intervals in brackets), then a;, b;. Values
of parameters are related to time 90 minutes, in order to keep them in a
reasonable scale (and to avoid numerical problems, too).

1.9/2.9 = 0.66, while in reality from 219 first goals, 129 were scored by home
teams, 129/219 = 0.59. Let us remark here that the estimated teams param-
eters are, to certain extent, just relative, that parameter values a; - ¢, b;/c
yield the same model, for any ¢ > 0.

3.2. Brief statistics of the first goal impact

Let us provide also a brief statistics concerning the relationship between the
first goal and the final result. From 240 matches of the season 21 ended
without goals. From the remaining 219 matches there were 37 draws (other
then 0:0), 116 home wins and 66 away wins. Further, from these 219 matches
with goals, in 156 cases the team scoring first was also the winner, in 26
cases the opposite had occurred (and 37 ended by draw). Estimated pro-
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portion p = 156/219 = 0.7123 is significantly larger than 0.5 and an ap-
proximate (asymptotic) 95% confidence interval for this proportion equals
(0.6524, 0.7723). On the other hand, the chance to turn over the score af-
ter obtaining the first goal can be described by the estimated proportion
g = 26/219 = 0.1187, which is still significantly larger than zero, yielding a
95% confidence interval (0.0759, 0.1616).

Order 2014-15 | a(14) | b(14) | a(15) | b(15) | Order 2015-16

1 | Plzen 2.6490 | 0.1515 | 1.8218 | 0.2592 1
2 | Sparta 1.4422 | 0.3770 | 1.0447 | 0.6478 2
3 | Jablonec 1.2356 | 0.2278 | 0.7470 | 0.5481 7
4 | MIL. Boleslav 2.2433 | 0.7589 | 1.5209 | 0.6408 4
5 | Pribram 0.9547 | 0.4789 | 0.6197 | 0.9066 14
6 | Dukla 0.7804 | 0.9412 | 1.2129 | 0.5980 10
7 | Teplice 1.0207 | 0.2130 | 0.8845 | 0.8982 12
8 | Bohemians 0.2536 | 0.5432 | 0.8931 | 0.5389 9
9 | Slovacko 1.2400 | 0.7756 | 0.3463 | 1.0957

10 | Jihlava 0.8141 | 0.4419 | 0.7611 | 0.5699 11

11 | Slavia 1.3938 | 0.4843 | 1.4646 | 0.3974

12 | Liberec 0.6039 | 0.7181 | 1.0913 | 0.5251

13 | Ostrava 0.7159 | 0.6540 | 1.3502 | 1.1322 16

14 | Brno 0.5438 | 1.0923 | 0.6325 | 0.5334 6

15 | H. Kr./Olomouc | 0.6912 | 0.8517 | 0.4542 | 0.4836 15

16 | C. Budej./Zlin 0.9574 | 1.3672 | 1.1406 | 0.9276 13

Table 2: Comparison of results, i.e. estimated parameters and final order of
teams in seasons 2014—-15 and 2015-16.

3.3. Comparison with season 2015-16

The purpose of this section is to examine how stable are the parameters dur-
ing a longer period. The data from the Czech First League season 2015-16
have been analyzed in the same manner as the season previous. Table 2 dis-
plays estimated teams parameters (with two new teams). It is seen that, at
least for 5 teams, their final order as well as their parameters differ signifi-
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cantly from the values in Table 1. Hence, it has no much sense to use both
data-sets jointly, we shall obtain some average values with poor interpreta-
tion. As regards two common parameters, we have obtained

§ = 0.4837(0.1966), h = exp(d) = 1.6221, 7 = 1.450(0.117).

They are not far from the former values, nevertheless, from the statistical
point of view, estimated ~ differs significantly (corresponding confidence in-
tervals are disjoint). We guess that the results reflect a specific feature of
the season 2015-16: it was rather rich to scored goals: 676 goals were scored,
while in the preceding season their number was 645. Consequently, a smaller
correlations could be expected. Regarding the correlation of exponential dis-
tributions in the framework of the Barnett copula model, it is influenced
jointly by teams parameters, by h, and by 7. Then, though the v is larger,
the other parameters may make the correlations smaller (compare also with
figure 1). For instance, now the match of Sparta and Plzen leads to estimated
p = —0.602, for Bohemians against Jihlava the value p = —0.676 has been
obtained. Notice that the first-goal intensity of the Bohemians has increased
considerably.

Let us again summarize the first goals statistics. From 240 matches of the
2015-16 season just 12 ended without goals. From remaining 228 matches
there were 46 draws (other then 0:0), 119 home and 63 away wins. The home
team has scored first in 134 cases, the away team in 94 cases. The proportion
characterizing the home advantage equals then 134/228 = 0.59, while the
home advantage parameter leads to h/(1 + h) = 1.62/2.62 = 0.62, which
is a comparable value. Further, from 228 matches with goals, in 146 cases
the team scoring first was also the winner, in 36 cases the the first scor-
ing team has lost. Estimated proportions are now p = 146/228 = 0.6404
with asymptotic 95% confidence interval (0.5785, 0.7026), and g = 36/228 =
0.1579 (0.1106, 0.2052). Both are comparable with proportions from the sea-
son 2014-15.

4. Discussion and concluding remarks

The results lead to a conclusion that the correlation is, as a rule, negative,
and is absolutely larger in more competitive matches, i.e. the matches of
teams with good defence and comparable attack abilities. This conclusion is
thus comparable with the results of McHale and Scarf (2011). The analy-
sis has been repeated with the use of Gauss copula (Volf, 2016). Here, the
correlation was common for all matches, i.e. not so flexible. Nevertheless, its
estimated value was negative, too, and teams parameters comparable with
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those reported here. It has to be pointed out that the parameters estimated
above concern just the stage of a match up to the first goal. It can be ex-
pected that the team performance changes during the match and is related
to the actual score, elapsing time, and to other factors characterizing the
match state. This aspect is also reflected by more advanced models of score
development; see again for instance Dixon and Robinson (1998), Volf (2009)
and an overview of models provided there. Hence, the approach proposed in
the present study can be extended to the analysis of times to next goals.
Another generalization can consider different copula parameters for certain
groups of matches or teams.

In spite of the fact that the identification of proposed model, and there-
fore also the consistency of parameter estimates, are guaranteed theoretically,
simulated experiments show rather slow convergence of estimates to ‘true’ val-
ues. It is also seen that the confidence intervals for parameters (approximate,
i.e. based on asymptotic normality of estimates) are rather wide, which is a
natural consequence of a rather high ratio of the number of parameters to
the number of matches. Simultaneously, however, this follows from the fact
that the log-likelihood function, as a function of ~, is rather flat.
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Abstrakt: Regresni model zrychleného ¢asu umoziuje interpretovat zavislost
doby preziti jedince na vysvétlujicich proménnych za pritomnosti cenzoro-
vani. V prispévku zkoumame diagnostické metody pro tento model a rozsitu-
jeme moznosti testovani dobré shody modelu s daty. Vyuzivame jak postupy
zalozené na reziduich linearni regrese modifikovanych pro cenzorovana data,
tak teorii ¢itacich procesti. Na simulovanych prikladech zkoumame vlastnosti
popsanych metod v riiznych situacich.

Klicova slova: Analyza preziti, regresni modely, testy dobré shody.

Abstract: The Accelerated failure time model allows us to interpret the de-
pendence of the life time distribution of an individual on available explana-
tory variables in the presence of censoring. In this work we explore diagnostic
methods and present new goodness-of-fit testing procedures for this model.
We use methods based on classic linear regression residuals approach mod-
ified for censored data as well as counting process theory. We examine the
properties of presented methods on simulated examples.

Keywords: Survival analysis, regression models, goodness-of-fit testing.

1. Uvod

P1i zkoumani rozdéleni doby preziti v medicinskych studiich ¢i doby do po-
ruchy v technické praxi a jeji zavislosti na pripadnych vysvétlujicich promeén-
nych je klicové zvolit vhodny regresni model. Pouzivané metody se opiraji
casto o rizikovou funkci a umoznuji vzit v potaz i cenzorovana data, kdy
pozorovani jedinci mohou opustit studii dfive, nez dojde k tmrti ¢i selhani.
Vedle nejobvyklejsiho Coxova modelu proporcionalnich rizik [5] a Aalenova
aditivniho modelu [2] byl navrzen i model zrychleného ¢asu (Accelerated Fai-
lure Time — AFT, [4]), kde hodnoty regresorti zpusobuji, ze virtudlni cas
kazdého jedince miize plynout rychleji ¢i pomaleji nez ¢as pozorovany. V této
praci se vénujeme AFT modelu, moznostem jak diagnostikovat odlehla ¢i
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vlivna pozorovani a predevsim metodam testti dobré shody. Postupy zakla-
dame na faktu, ze odhady komponent AFT modelu je mozné provadét jak
pomoci metod klasické linearni regrese, tak pomoci teorie citacich procest,
pricemz oba postupy davaji asymptoticky shodné odhady.

2. Model zrychleného ¢asu

Pozorujeme ¢ = 1,...,n jedinci. Ozna¢me 7T; skutecné casy selhani a C; Casy
cenzorovani, které uvazujeme nezavislé na 7;. Pozorujeme pak c¢asy konce
sledovéani T; = min(7;, C;), indikatory necenzorovanych udalosti A; = I(7; <
C;) a regresory Z;. Predpokladame, ze 7; jsou nezavislé, spojité, s husto-
tami f;(¢), distribu¢nimi funkcemi Fj(t), funkcemi preziti S;(t) = 1 — F;(1),
rizikovymi funkcemi

Pt <T,<t+h|T; >1)

tt) = i,

a kumulovanymi rizikovymi funkcemi A;(t) = fot a;(s)ds.
V modelu modelu zrychleného ¢asu uvazujeme log-linearni zavislost:

logTi = —ZI'B + ¢, € ~i.i.d.

Tento vztah si miizeme predstavit jako transformaci ¢asu mezi pozorovanym
a virtudlnim Gasem t — teZi B . D4 se ukazat, ze rizikova funkce ma pak
tvar a;(t) = eZi B ag(teZi B), kde ap(t) je zékladni rizikova funkce odpovi-
dajici veli¢indm exp(e;). Pro Weibullovo zékladni rozdéleni je AFT shodny
s Coxovym modelem.

Uvazujme semiparametricky model, kde zakladni riziko oy je neznamé.
Zamérime se na odhad parametri 3. Porovname konstrukci odhadd pomoci
metody maximalni vérohodnosti s vyuzitim teorie ¢itacich procesu, viz [10],
s metodou nejmensich ¢tverct s korekei pro cenzorované pozorovani dle [4].

2.1. Metoda I — Maximalni vérohodnost a ¢itaci procesy

Data lze prepsat pomoci ¢itacich procest na transformované skale casu:
Ni(t8) = A PT, <t), Y7 (tB) =17 PT, >t),

kde N; je indikator necenzorované udalosti do ¢asu ¢ a Y;* indikator, zda je

v case t i-ty jedinec jesté v riziku. Vérohodnost dat se sklada z ¢asti pro ne-

cenzorované a cenzorované udalosti. Pouzitim «;(t) = ?(é)) a Si(t) = e Ait)
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lze vérohodnost zapsat ve tvaru:

n

= H(fz’(Ti»Ai(Si(Tz’))l_Ai = H(O‘i(Tz’))Ai exp(—A;(T7)).

i=1 =1

Logaritmujeme, dosadime rizikovou funkci AFT modelu a pfepiSeme pomoci
¢itacich procest. Derivovanim ziskame skére, které ale zalezi na neznamé ku-
mulativni zékladni rizikovou funkci Ag. Kdyz ji nahradime Nelson-Aalenovym

odhadem Ayt fo ZdNYS:Eﬁ 23), viz [1], dostaneme pfiblizné skére

08, w) z_j [ i) (- Z DB e,

D k=1 Yi (5,8)

kde wo(s) = (1+ Sz;g) je vahovéa funkce a 7 je omezujici konstanta vyssi nez
vSechna pozorovani (viz [10]). D4 se ukazat, ze misto wq lze pouzit pro odhad
libovolnou funkei spliujici urcité predpoklady, napf. wi(s) = 1, viz [10].
Protoze priblizné skoére neni spojité v 3, odhady parametri pak ziskdme
minimalizaci ||U (B,w)]|. Za uréitych podminek regularity pak plati v/n (,6' —
Bo) — N(0,%,), pficemz rozptyl odhadt zavisi na pouzité vahové funkci
w(t).

2.2. Metoda II — Linearni regrese s korekci odezvy

AFT model je modelem cenzorované linearni regrese. Pro jednoduchost za-
vedme ); = log 7T; pro skutecné data a Y; = log T; pro cenzorovana. Ziskdme
b&zny model V; = —ZI'3 + ¢;, ve kterém navic uvaZujeme absolutni ¢len
a nulovou stfedni hodnotu odchylek ¢;. Kdybychom neuvazovali cenzorovani,
odhadli bychom parametry metodou nejmensich ¢tvercti

B=—(2"2)"'Zz"y.

Popiseme zde postup sestaveni odhadii za pritomnosti cenzorovani. Misto
cenzorovanych pozorovani pouzijeme jejich odhad, viz [4]. Uvazujme rezidua

—Y,+ Z!'B.

Pro cenzorovana pozorovani neposkytuji rezidua aproximaci odchylek ¢;, pro-
toze jsou systematicky nizsi. Pouzijeme korekci

?i = A;r; + (1 — AZ)E\(E‘G > ’f’i),

14
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kde F(ele > r;) odhadneme jako

_ S oo AjridFy(ry)
Blele > ri) = §<> =
o\"4

pricemz §0 je Kaplan-Meiertiv odhad funkce preziti odpovidajici zakladnimu

. NEV.Y
rozdéleni Sy(t) = Hj:rjﬁ (ni;;:;:z(;glﬁ " . Tim lze odhadnout skute¢né

doby udéalosti jako
S { Y; non-cens.

i = ~
—ZTB+7; cens.

Hleddme B pomoci metody nejmensich ¢tverci s korigovanymi odezvami,
tedy TeSime rovnici

ZT(Y+2z"B) =o0.
Obecnéji bychom mohli uvazovat i minimalizaci vazenych ¢tverci
V(B,s) =) Z's(Vi+Z{B)=0, (2)
i=1

kde s(t) je vdhova funkce, vySe s(t) = t. Korigovana odezva se dé zapsat
vektorové dle [3] jako:

Y=-ZT8+Q(Y +Z7p),

kde @ je matice s prvky

A; i=J
o _ANAmdR ()
gij =< (1—A4A)) i—Jﬁo(m)J Ty < T
0 jinak.

Dosadime do feSené rovnice a ziskdme (z QQ = Q a QY = QY , viz [3]):
B=-(2"Qz)'Z" QY.
Protoze Q zavisi na 3, je nutno postupovat iterativné. V kazdém kroku

nejprve dosadime B(m) do Q, spocitame B\(m"'l) a opakujeme. Lze ukazat, ze
za platnosti modelu bude postup konvergovat, viz [9].

15
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2.3. Souvislost mezi metodami

Odhady metodou maximalni vérohodnosti ziskdme minimalizaci normy skore
U(B,w) z (1). Oproti tomu odhady metodou vazenych nejmensich ¢tvercu
z (2) ziskdme Fesenim ¥ (8,s) = 0. D4 se ukazat, viz (8], Ze za platnosti
modelu a urcitych podminek regularity je

1 1
W\II(IB, 3) = ﬁ

pokud zvolime pro skére vahovou funkci

[ s(u)dFy(u)

q Rt

U(B,w) + op(1), (3)

w(t) = s(t) —

Odhady B MLE & ,@ rs maji tedy stejné asymptotické vlastnosti. Af ziskdme
odhady jednou ¢ druhou metodou, \/n(3 — Bp) ma asymptoticky nulovou
stfedni hodnotu a koneény rozptyl, ktery lze odhadnout napt. pomoci resam-
plingu skére z MLE, viz [6]. Vdhovou funkci ve skére odpovidajici s(t) = ¢
muzeme bez zmény asymptotickych vlastnosti odhadt nahradit odhadem

—~ o ftoo udﬁo(u)
w(t) =1 1—Fy(t)

3. Regresni diagnostika

Souvislost metod odhadii 1ze pouzit pro diagnostiku modelu. Nastinime zde
postupy hledani vlivnych pozorovani a testovani dobré shody modelu s daty.

3.1. Detekce vlivnych pozorovani

Rezidua modelu lze zapsat jako
F=Y+Z"B=(1-2"(2"QZ)7'Z"Q)Y.

Tedy ziskdme hat-matici H = ZT(ZTQZ)"'ZTQ a M matici M = I —
H, které lze vyuzit k regresni diagnostice. Napt. podle diagonalnich prvka
(leverage)
hii =2 (Z"QZ) ' Z" qu;,

kde qe; znaci i-ty sloupec matice @), lze oznacit za vlivna pozorovani takova,
pro kterd je h;; > 2(p + 1)/n, viz [9]. Pro cenzorovana pozorovani je h;; =
0, takze jejich pripadny vliv timto postupem detekovat nelze. H zavisi na
odhadnutych parametrech prostrednictvim matice Q, tedy vysledky budou
jen priblizné. Byly navrzeny i obdoby dalSich diagnostickych metod, jako
napftiklad Cookova vzdalenost, viz [3].
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3.2. Testy dobré shody — vzdalenost odhad

Za platnosti modelu by obé metody mély dle (3) davat blizké odhady. Muzeme
tedy odhadnout parametry obéma zpusoby a testovat, zda nejsou vyznamné
vzdalené. Vyuzijeme replikace odhadi pomoci bootstrapového resamphngu
skére dle [6] pro MLE a dle [8] pro LS. MuZeme tak generovat ,3 YLE & ,6 Ts

pro kterd ma \/_(,BMLE ,BLS) asymptoticky stejné rozdéleni jako \/_(BMLE—
J6; LS). Z replikovanych hodnot odhadneme varian¢ni matici rozdilu odhadt

by Bunp—fBLs & PTO testovani pouzijeme statistiku
W = (Bure — 5LS)TE[§1 = (Bure — Brs), (4)
MLE—BLs

kterd bude mit za platnosti modelu x7 rozdéleni.

3.3. Testy dobré shody — rezidua

Zkoumame, zda je zavislost doby do selhani na urcité proménné popsana
modelem dobre. Mlzeme napriklad rozdélit data do dvou skupin podle me-
didnu zkoumané proménné a spocitat korigovand rezidua 7;. Za platnosti
modelu by rezidua v obou skupindch méla mit shodnou stredni hodnotu.
Kdybychom znali skute¢cnou hodnotu parametrt 3 a neuvazovali cenzoro-
vani, mohli bychom pouzit vhodny dvouvybérovy test shody strednich hod-
not, napt. t-test. Takovy postup byl pro AFT model zkouman v [7], pro
nékteré pripady ale nedaval prilis silné vysledky.

Pokusime se test zefektivnit zohlednénim vlivu odhadnutych parametri
a korekce cenzorovani. Pro test pouzijeme statistiku

Tﬁ<nilza—nizza), (5)

kterd bude mit za platnosti modelu nulovou stredni hodnotu a bude kon-
vergovat k normalnimu rozdéleni. Pomoci bootstrapovych replikaci odhadi

parametru BG dle [6] a G1,...,G,, ~ N(0,1) (i.i.d.) sestavime statistiku

T = Vn (nil ZAz(j}z + Z?B)Gi — niz ZA’L<J/)\Z + ZzT,Z'}\)Gz)>

+\/_<nleZ —n—QZAZ ) (8 —B9).

Da se ukazat, ze T ma asymptoticky stejné rozdéleni jako T'. Tudiz ji mtzeme
replikovat, spocitat rozptyl a rozhodnout tak, zda je rozdil mezi rezidui vy-
znamneé vysoky.
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4. Simulaéni studie

Na zékladé generovanych dat ovérime empirické vlastnosti navrzenych testt
dobré shody. Simulovali jsme data z AFT modelu samotného, z Coxova mo-
delu a ze Spatné specifikovaného AFT modelu, kde byla ndhodné vybrana
polovina regresort zdvojnasobena. Zakladni rozdéleni bylo pouzito gamma
I'(p=20,A=4/100) a lognorméalni LN (u=>5,0%=1), s jednim spojitym regre-
sorem Z; ~ N(3,1) a 8 = 2. Uvazovali jsme jak necenzorovana data (NC),
tak pfipad se zhruba ¢tvrtinou nezévisle cenzorovanych pozorovani (C). Ge-
nerovali jsme vzorky o 50 a 500 pozorovanich, pro replikace parametrta bylo
pouzito 50 hodnot. Kazdy pripad jsme zopakovali 500krat a pozorovali jsme
podil zamitnuti AFT modelu na hladiné 5 %, abychom ziskali empirickou
hladinu a silu proti danym alternativam. Pouzili jsme priblizny ¢-test shody
stfednich hodnot rezidui a testy pomoci statistik W dle (4) a T dle (5).

Tabulka 1: Podil vybért zamitnutych riznymi testy AFT modelu: t-test apli-
kovany na rezidua, W — test porovnanim odhadi MLE a LS dle (4), T — test
dle (5). NC/C — necenzorované/cenzorované vybéry.

Model Zakladni n t-test W T
rozdéleni NC C NC C NC C
AFT Gamma 50 | 0,000 0,014 0,000 0,024 0,000 0,004
500 | 0,000 0,000 0,006 0,026 0,000 0,000
LN 50 | 0,006 0,000 0,012 0,010 0,012 0,014
500 | 0,004 0,004 0,036 0,018 0,062 0,060
Cox Gamma 50 | 0,000 0,016 0,020 0,052 0,000 0,022
500 | 0,000 0,012 0,046 0,000 0,000 0,015
LN 50 | 0,000 0,020 0,064 0,022 0,004 0,016
500 | 0,046 0,000 0,556 0,000 0,592 0,026
AFT Gamma 50 | 0,198 0,022 0,404 0,412 0,608 0,512
mis- 500 | 0,924 0,970 1,000 1,000 0,934 0,980
spec. LN 50 | 0,108 0,034 0,306 0,168 0,658 0,632
500 | 0,720 0,700 1,000 0,972 0,794 0,980

V tabulce 1 vidime, Ze prvni i druhy test neprekracuji empirickou hladinu
5 %, tedy nezamitaji AFT model samotny ve vice nez 5 % pripadi. Nékdy
je podil zamitnuti vyrazné nizsi, coz svédc¢i o jisté konzervativnosti testi.
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Posledni test v nékterych pripadech hladinu mirné prekracuje, coz miize byt
déno nepresnosti asymptotiky. Coxtiv model je nejcastéji zamitan pro lognor-
malni rozdéleni bez cenzorovani, v ostatnich ptipadech Coxiiv model testy od
AFT modelu nerozpoznaji. To mize byt zpiisobeno chovanim chvostu roz-
déleni, kde se gamma rozdéleni podoba Weibullovu, pro které AFT a Coxtv
model splyvaji a naopak lognormalni rozdéleni se odliSuje. Model se Spatné
specifikovanym regresorem byl zamitnut ve velké casti pripadi. Nové na-
vrzené testy davaji ve vétsiné situaci lepsi vysledky nez jednoduchy t-test
aplikovany na rezidua. S cenzorovanim empiricka sila az na vyjimky klesa.

5. Zavér

Prozkoumali jsme dvé moznosti odhadt parametr modelu zrychleného casu,
jednak vérohodnostni pristup vyuzivajici teorii ¢itacich procesii a jednak me-
todu nejmensich ¢tverci modifikovanou pro cenzorovana data. Mezi meto-
dami existuje priméa souvislost a asymptotické vliastnosti odhadi jsou za plat-
nosti modelu shodné. Toho jsme vyuzili pro sestaveni testt dobré shody pro
zkoumany model. Vlastnosti testti jsme ovérili na simulovanych datech
Dalsim krokem by mohlo byt zkoumani Sirsi diagnostické vyuzitelnosti re-
zidui obdobné jako pro necenzorovanou linearni regresi a studium jejich em-
pirickych vlastnosti, pfipadné rozsiteni metod pro regresory proménné v case.
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VZPOMINKY DOC. JANA REHAKA
NA DOC. JIRIHO ZVACKA

JAN REHAK’S MEMORIES ON JI

A A

I ZVACEK
Jan Rehak

Je to jiz vice nez rok, co 24. listopadu 2015 zemiel doc. Jifi Zvacek. V dosud
publikovanych vzpominkach nebyla zdiraznéna charakteristika Jifiho v jeho
smyslu pro humor, nékdy az sarkasticky, ale vzdy mifeny pozitivné a s pod-
porou kladného prtiibéhu véci.

Jirka mél tézky osud, ale nesl jej statecné a pokorné a ani na lizku nebyl
pasivni a nikdy neprestal byt sviij. Pracoval a angazoval se pro dobro po-
dobné tragicky postizenych. A neprestaval se zajimat o statistiku a o nové
ve statistickém softwaru. Udrzovali jsme s nim kontakt po celou dobu a po-
skytovali jsme mu nejnovéjsi verze naseho softwaru. Svou silnou vili nikdy
neztratil kontakt s vyvojem nasi védy. V tom jsem ho obdivoval. V mno-
hém se nase nézory lisily, ale vzdy nase debaty byly vécné a plné jasnych
argumentl. Myslim, Ze nejen ja, ale i Jirka byl nasimi vyménami argumentt
obohacen. Rad na to vzpominam.

Byl to dobry kolega a kamarad. Spolehlivy. Naro¢ny a vyzadujici. Mé
navstévy u Jirtho v nemocnici mné vzdy ukazaly, jak tenka je hranice mezi
standardnim zivotem a tragédii a jak moc si musime vazit schopnosti pohybu
a toho, ze se nam nestésti prozatim vyhnulo. Na Jirku casto vzpominam,
protoze on byl vyraznou osobnosti v nasi profesi a silnou osobnosti ve svém
udélu.
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ODESEL PROF. RNDR. ING. IVAN KRIVY, CSC.
PROFESSOR IVAN KRIVY PASSED AWAY

Josef Tvrdik

V ftijnu 2016 zemfel po statecném souboji s rakovinou prof. RNDr. Ing. Ivan
Ki¥ivy, CSc., dlouholety ¢len Ceské statistické spolecnosti, aktivni tcastnik
rady akci spole¢nosti (napf. ROBUST, STAKAN, Statistické dny) a nékolika
konferenci COMPSTAT.

Ivan Krivy se narodil v roce 1940 na Valassku a jeho rodisté ho vybavilo
velikou odolnosti a vitalitou. Po gymnéaziu vystudoval v 1étech 1957-1962
Fakultu technické a jaderné fyziky CVUT a pak pii zaméstnani v Ustavu ja-
derného vyzkumu v Rezi i fyziku na MFF UK. V Ustavu jaderného vyzkumu
se uspésné zabyval krystalografii a z té doby pochazi nékolik jeho dodnes
citovanych clank@ v mezinadrodnich casopisech. Uprostied sedmdesatych let
pracoval v PVT v Holesové a v roce 1977 nastoupil na katedru matematiky
Pedagogické fakulty v Ostraveé, kde ucil predevsim pravdépodobnost a mate-
matickou statistiku. Pro tyto predmeéty napsal i skripta, ktera stale stoji za
precteni. Na pocatku devadesatych let se vyznamné podilel na transformaci
Pedagogické fakulty na Ostravskou univerzitu a na jeji nové Piirodovédecké
fakulté byl jejim druhym dékanem. V devadesatych 1étech presel na katedru
informatiky, kde se kromé vyuky zabyval simula¢nimi modely a stochastic-
kymi algoritmy.

Meél jsem to stésti s Ivanem spolupracovat ¢tvrt stoleti. Podarilo se nam
publikovat nékolik novych algoritmt pro aplikaci evolu¢nich metod v odhadu
parametri nelinearnich regresnich modelti a ve shlukovani. Nas posledni spo-
le¢ny c¢lanek jsme stihli publikovat v Applied Soft Computing koncem roku
2015.

Ivana jsem obdivoval pro jeho hluboké matematické znalosti a schopnost
jejich rychlé a ucelné aplikace. Myslim, Zze jsme se pfi nasi praci dobie do-
plnovali. Ivan obcas korigoval mou prehnané odvaznou rozevlatost, ja jsem
zase nemel jeho ostych v komunikaci s editory a na konferencich. Vzdycky
jsem ocenoval jeho zdravé kritické mysleni a naprostou pracovni spoleh-
livost. Dohodnuté terminy dil¢ich krokt vzdy stihnul, pro moje obcasna
drobnéa zpozdéni mél pochopeni. Spolec¢na prace na dokoncovani finalnich
verzi ¢lankt nam Sla od ruky a byly to radostné hodiny. V Ivanovi Kiivém
jsme ztratili vyznacného a uznavaného kolegu a mnozi z nas i dobrého kama-
rada. Ivane, budes nam chybét!
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CLENSKA SCHUZE CESKE STATISTICKE
SPOLECNOSTI V ROCE 2017

CZECH STATISTICAL SOCIETY IN 2017

Hana Rezankova

Dne 26. ledna 2017 se konala ¢lenska schiize Ceské statistické spoleénosti.
Mistem konani byla jiz tradi¢né zasedaci mistnost na Ceském statistickém
ufadu v Praze. Uvodem piedsedkyné Spoleénosti prof. Rezankova piivitala
pana feditele sekce makroekonomickych statistik CSU doc. Ing. Jaroslava
Sixtu, Ph.D., kterého pozadala o tivodni slovo. Poté prof. Rezankova pred-
nesla zpravu o ¢innosti Ceské statistické spole¢nosti v roce 2016 a Ing. Loster
prednesl zpravu o hospodareni za rok 2016 a plan rozpoc¢tu na rok 2017.
Se stanoviskem revizorky, doc. Blatné, seznamila pfitomné prof. Rezankova.
Vsechny prednesené zpravy byly c¢lenskou schiizi schvaleny. Poté byla zaha-
jena zvané prednaska Mgr. Michaely Sedové, Ph.D. (Institute of Biostatistics
and Analyses, Ltd.), s pfednaskou na téma Prazxe statistika ve farmaceutic-
kem primyslu.

Po skonceni prednasky byly vyhlaseny vysledky tajného hlasovani. Pred-
sedou Ceské statistické spolecénosti byl zvolen RNDr. Marek Maly, CSc., ze
Statniho zdravotniho dstavu. Dalsimi ¢leny vyboru Spole¢nosti byli zvoleni
(v abecednim poradi):

e prof. RNDr. Jaromir Antoch, CSc. (MFF UK Praha)

e RNDr. Jitka Bartosova, Ph.D. (VSE, FM Jindfichtiv Hradec)
e RNDr. Marie Budikova, Dr. (PfF MU Brno)

e prof. RNDr. Gejza Dohnal, CSc. (FS CVUT v Praze)

e RNDr. Jan Klaschka, Ph.D. (UI AV CR, Praha)

e Ing. Martina Litschmannova, Ph.D. (FEI VSB-TU Ostrava)
e Ing. Tom4s Loster, Ph.D. (VSE Praha)

e prof. RNDr. Jan Picek, CSc. (TU Liberec)

e prof. Ing. Hana Rezankova, CSc. (VSE Praha)

e Mgr. Ondrej Vencalek, Ph.D. (P¥F UP Olomouc)

e Ing. Ondiej Vozar (CSU)

e RNDr. Marta Zambochova, Ph.D. (UJEP Usti nad Labem)

Revizorkou byla zvolena doc. Ing. Dagmar Blatna, CSc. (VSE Praha).
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Na prvni schiizi vyboru Ceské statistické spole¢nosti, ktera se konala po
skonceni ¢lenské schiize, byli zvoleni dalsi ¢lenové predsednictva, které bude
pracovat ve slozeni:

e RNDr. Maly — predseda,

e prof. Rezankova — mistopfedsedkyné,

e Ing. Litschmannova — védecké tajemnice,
e Ing. Loster — hospodar.

Dale se vybor usnesl, aby dalsi dilezité funkce vykonavali ¢lenové vyboru
a CStS jako doposud, tj. webové stranky bude i nadéle spravovat Ing. Litsch-
mannové, séfredaktorem ¢asopisu Informacni bulletin Ceské statistické spo-
le¢nosti ziistava prof. Dohnal a odpovédnym redaktorem Mgr. Vencalek. Cin-
nost technického redaktora bude i nadale vykonavat Ing. Pavel Stiiz.

Zapsano v Praze, 26. ledna 2017.

POZVANKY NA KONFERENCE
CONFERENCE INVITATIONS

Redakce

MOVISS: Bio and Data

Ve dnech 20.-23. zari 2017 se v rakouském Vorau uskutec¢ni konference
MOVISS urcené pro bioinformatiky, biochemiky, statistiky a vSechny ty, kteti
zpracovavaji a interpretuji data z oblasti metabolomiky.

Nejde o klasickou konferenci, na niz jsou prezentovany pouze dosazené
vysledky. Cilem konference MOVISS je rovnéz vyvolani diskuze zameérené
na identifikaci a feSeni soucasnych problémii tykajicich se nakladani s daty
z oblasti metabolomiky.

Vice informaci naleznete na www.MOVISS.eu.

PRASTAN 2017

Ve dnech 5. jna (¢tvrtek) — 8. ¥{jna (nedéle) 2017 se na chaté Sipkova (http:
//sipkova.sk/), kterd se nachazi 5 km od centra obce Terchové na Sloven-
sku, uskutecni dalsi ro¢nik slovensko-ceské konference PRASTAN. Tato kon-
ference je spolecnou akci Slovenskej Statistickej a demografickej spolo¢nosti

23



Zpravy a informace

a Ceské statistické spolec¢nosti. Tyto spole¢nosti organizuji ¢esko-slovenské
konference kazdy lichy rok a zemé se pravidelné stiidaji. V Ceské repub-
lice se konference kona pod nazvem STAKAN a na Slovensku pod nazvem
PRASTAN.

V letosnim roce je tato akce poradana ve spolupraci s Katedrou ma-
tematiky a deskriptivni geometrie ze Stavebni fakulty Slovenské technické
univerzity v Bratislavé. PRASTAN 2017 bude vénovan pravdépodobnosti,
statistice, numerické matematice a jejim aplikacim.

Vice informaci naleznete http://www.math.sk/wiki/abstraktyl7.

ROBUST 2018

Ve dnech 21. ledna (nedéle) — 26. ledna (patek) 2018 se v rekreac¢nim za-
fizeni Rybnik na rozmezi Sumavy a Cerného lesa uskute¢ni jubileji dva-
caté letni skola JCMF ROBUST 2018. Tato akce je organizovana skupinou
pro vypocetni statistiku CMS JCMF za podpory CStS a KPMS MFF UK.
ROBUST 2018 bude vénovan, tak jako vzdy, vybranym trendim matema-
tické statistiky, finan¢ni matematiky, optimalizace, teorie pravdépodobnosti
a analyzy dat.

Vedle zvanych prednasek se samozrejmé pocita se sdélenimi i¢astnikii; pro
doktorandy a studenty pripravujeme opét posterovou sekci spojenou s ustni
prezentaci. Jeden vecer bude vénovan diskusi o novych trendech ve vypocet-
nim prostiedi pro analyzu dat a vystoupeni zastupci firem, které je Sifi.

Vice informaci naleznete v http://www.statspol.cz/cs/wp-content/
uploads/robust2018.pdf.

Registrace: od 3. 3. 2017 do 30. 9. 2017, https://robust.nipax.cz/.
Pokud budete mit jakékoliv potiZe s registraci, obratte se, prosim, na kolegu
Dohnala na emailové adrese dohnal@nipax.cz.

Misto konani: Rekrea¢ni zarizeni Rybnik, www.rybnik-ceskyles.cz: GPS
49°30'80,265”"N, 12°40'65,457"E.

Novinky hledejte na webové strance profesora Antocha: http://www.
karlin.mff.cuni.cz/“antoch/.
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