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KERNEL FRAME SMOOTHING OPERATORS

VITEZSLAV VESELY

ABSTRACT. Basics of frame expansions in separable Hilbert spaces are explained
in context with the theory of pseudoinverse operators. A new geometric ap-
proach is outlined connecting both areas. An iterative frame-based procedure
is suggested which finds, to a given function f, a finite frame or Riesz basis for
its expansion which is e-optimal in a certain sense. In particular a new type of
kernel smoothing operator based on dual frame expansions is introduced with
which the above procedure allows us to find easily not only e-optimal band-
widths (scales) as with common kernel smoothing, but also e-optimal shifts.

W3i0skeHbl OCHOBBI HEOPTOIMOHAJBHBIX pa3BUTUR Tuna ¢peim (frame) B
cenapabespHbIX MM/bOEPTOBBIX HPOCTPAHCTBAX B COOTHOIIEHUU K TEOPUN
nceBAOOOPATHBIX OMEpaTopoB. [[oka3aH HOBLIE Mr€OMETPUUECKUA MTOAXO0,
KOTODBIM CBsi3biBaeT »Tu obsiactu. [IpemaraeM uUTEpaTUBHYIO MIPOLE-
Nypy Ha 6as3uce »TUX pas3BUTUIl, KOTOpas HAXOAWUT K NAHHON (yHKIIIN
f xomeunniii ¢petim mniam 6a3uc Puca nuas e€ pasmoskeHus, KOTOpoe eCTb
ONTUMAJLHOE B OIPENEeJIEHHOM CMbICJe. B crenuasbHOM ciiyudae BBEIEH
HOBBIU TUIT CIIAXKUBAIOIIErO OMEPATOPA TUIA SAPA, KOTOPBIA OCHOBAH HA
pPasBUTUU [0 AyaJbHOMY (peiiMy U IO3BOJISET C MOMOIIO IPeAbLIYyIei
IpPOmEAyPHI JIErKO HAWTU HE TOJBKO ONTUMAJbHYIO MMPHHY mosca (scale)
MOoJO0OHO KAaK B OOLIKHOBEHHOM CJIyUae CrUIAYKUBAHUS [IPU IIOMOIIU SIEP,
HO TOMXe OHTI/IM&JLHBII’;’I CcAaBUTL.

1. INTRODUCTION

The origins of the frame theory date back to the work of Duffin and Schaeffer [5],
more details can be found in [16], too.

Section 2 contains symbol list along with some preliminaries of functional analysis
(see e.g. [4, 11, 15]) inclusively pseudoinverse operators [7].

Basics of frame expansions in separable Hilbert spaces are explained in context
with the theory of pseudoinverse operators (sections 3,4,5). Most of what is col-
lected here is scattered around specialized literature (mostly related to wavelets),
for example [1, 2, 3, 12], to mention a few. In addition, a new geometric approach
is suggested by the author for both areas leading to another (geometric) definition
of a frame equivalent with the widely used analytic descriptions, and making evi-
dent that frames are nothing but synonyms for bounded operators with closed range
space — exactly those operators for which bounded pseudoinverse exists [7]. From
the statistical point of view frame may play the role of a set of regressors (even
countable) for a generalized regression model the solution of which belongs to an
abstract H-space, typically a functional space, or a space of random variables, or
even random processes [8].
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We suggest an iterative frame-based procedure in section 6 which finds, to a given
function f, a finite frame spanning a finite-dimensional H-subspace H.(f) (depend-
ing on f) of a fixed (even infinite- dlmenmonal) space H C H, giving nearly exact
(e- optlrnal) least-squares approximation f. € H. of f in the sense that I - sz <e,
where f € H is the exact least-squares approximation (orthogonal projection) of f
in the space H.

New type of kernel smoothing operator using dual frame expansions is intro-
duced in section 7 allowing us, applying the above procedure, to find easily not only
g-optimal bandwidths (scales) as with the common kernel smoothing [6, 9, 10], but
also e-optimal shifts.

2. NOTATION AND THEORETICAL BACKGROUND OF FUNCTIONAL ANALYSIS

2.1. Notation and preliminaries.
e N Z R,C ...natural numbers, integers, real and complex numbers, respec-
tively.

e Zy :={0,1,...,N — 1} ...residuals modulo N € N.
e |M]| ...cardinality of a set M.
o J Ji,Jo,... ...indexing sets; J, J; C Z, usually N, Z or Zy.
o X, X;1,X,... ...complex normed linear spaces (NL-spaces) with norm ||-||
or inner product spaces (IP-spaces) with the inner product (-, -).
e B,B1,By... ...complete NL-spaces, alias Banach spaces (B-spaces).
e H Hy,Hy... ...complete separable IP-spaces, alias Hilbert spaces (H-spaces).
e L(M), M C X ...linear subspace (L-subspace) in X spanned by M.
e M, M C X ...closure of a set M in X
o L(M), M C X ...closed lineare subspace in X spanned by M; Xcomplete =

L(M) is complete; X; C X complete = X is closed.

x1 L @95 1,20 € X ... 21 is orthogonal to z3 ({z1,22) = 0).

e x|l M;()#MCX ...z is orthogonal to M (x L yVy € M).

e M*; ) # M C X ...orthogonal complement of M in X: M+ := {z €
X |z 1L M}, M+ is a closed linear subspace in X, i.e. B- or H-subspace and
Mt =L(M)*+ = E(M)L; moreover it holds M1+ = L(M).

e F,E1,Fs,... ...orthonormal basis (ONB) in H,H;,Hs,..., respectively:
E =:{en}tnes, Ei = {en}nei, en L ey for m £ n, |len|| =1, L(E) = H,
L(E) =Hii=1,2,....

e dim H = |E| =|J| ...dimension of H;
separability of H = dim H < Ry, we write also dim H = oo if dim H = Ng.

e L%(a,b), L? :== L?(—00,00) ...the H-space of all functions measurable and
absolutely square integrable (in the Lebesgue sense) on the interval (a,b) C
R, —00 < a < b < oo; dim L?(a, b) =

o (2(J), 2 := (*(Z) ...the H-space of all J-indexed absolutely summable

sequences: {&ntnes, Do e lénl? < 0o, dim2(J) = |J|.

&= {{(5m,n}m€J}neJ ...natural orthonormal basis in ¢2(.J).

L(X1,X5) ...complex vector space of all linear operators T : X7 — Xo.

D(T) .= X1, T € L(X1, X2) ...domain of operator T.

N(T) C Xy, T € L(X1,X>) ...null space of operator T: N(T) := {x €

D(T) | Tz = 0}.

e R(T) C X3, T € L(X;1,X2) ...range space of operator T: R(T) := {y €
X |y =Tz for some x € D(T)}.
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e B(X;y,X5) C L(X;,X3) ...complex NL-space of all bounded (continuous)
linear operators T : X7 — Xo, |[Tz|| < |T|||z| Vx € Xi1; B(X,B) is a
B-space — consequently B(H;, Hz) is a B-space as well.

o LT(X1,X2) C L(X7,X2) ...subset of all linear isomorphisms 7" : X; — Xo

(bijective linear operators); we write X 4 Xo if LT(X1,X2) # 0.
o TLIT(X1,X2) C B(X1,X5) ...subset of all topological linear isomorphisms
T Xy = Xoi TETLI(X, Xa) & T € LT(X1, Xo)NB(X3, Xa) & 71

,CI(XQ, Xl) n B(XQ,Xl) we write X3 N X, if T,CI(Xl, XQ) 7é .

e UT(Hy,Hy) CTLI(Hy, Hs) ...subset of all unitary (=surjective isometric)
operators T : H; — Ho, it holds:
T € UI(H1,H2) & Hy; = R(T) & ||[Tz|| = ||z|| V= € Hy (in particular

IT=1) & Hy =R(T) & Tz, Ty) = (x,y)Vo,y € Hy; we write Hy < H,
if UT(Hy, Ha) # 0.

o [, Ix ...identity operator, D(I) = X; clearly Ix € TLI(X,X), ||| =1
and even Iy € UT(H, H).

e T* ... adjoint operator of T € B(Hy, Hs): (Tx1,x2) = (w1, T*x2)V21 €
Hy,x9 € Hy; it holds:

(a) T* € B(H, H), |[T]| = |T* and [ TT*] = [ T*T| = | T2 = |T*;
(b) T €TLI(H1,Hy) = T*€TLI(Hy, Hy) and (T*) = (T~ H*
(¢) TEeUI(H1,Hy) & TE€TLI(H,Ho) &T* =T~

o T=T* TeB(H, H) ...self-adjoint operator; clearly Iy is self-adjoint.

e T >0 (T >0), T € B(H,H) ...(strictly) positive operator: (Tx,x) >
OVze H ((Tz,z) >0V0#z e H); it holds:

() T>00rT>0=T=T",
(b) T € B(H1,Hs) = T*T,TT* > 0.

e P, Pec B(H,H) ...orthogonal projection operator, alias self-adjoint idem-
potent bounded linear operator (P = P* and P? = P); H; := R(P) is closed,
i.e. H-subspace in H; that is why we write also Py, instead of P.

e I := Py,x, Py, € B(H,H) ...the result of orthogonal projection of any
x € H onto the subspace H; C H.

2.2. Basic definitions and theorems for reference.
Theorem 2.1. Given T € B(H;, Hg) then the following holds:

(1) M(T) =R(T*)* =R(T )  N(T)E = R(T%)

(2) N(T*)=R(T)L R{T) ., N(T*)*: =R(T)

(3) Hi = R(T*) @ N(T), Hy = R(T)@N( *)

(4) If T =T* then N(T 72(T)L —R(T) and R(T) = N(T)*
(5) N(T*T) = N(T), N(TT") = N(T*)

(6) R(T*T) =R(T*), R(TT*) =R(T)

Definition 2.2. For T' € B(H1, Hz) we introduce restricted operator T := T|W S
B(R(T*),R(T)), i.e. Tx:=Tx for all x € R(T*).
Theorem 2.3. The restricted operator and its adjoint satisfy:

(1) (T*)y=T* )

(2) R(T) = R(T), R(I") = R(T")

@) T]] = 1T = |7 = |7~
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Proof. Put H := R(T), H* := R(T*), then by 2.1(3) Hy = H* ® N(T) and H, =
H e N(T*).
(1) € H*, y € H arbitrary = (Tz,y) = (Tz,y) = (x,T* y) = (x,(T*)y) =
(T*y=T*.
2) f=f+freH, [=Py-feH fre H=N(T)=Tf=Tf+Tf+ =
TF. Thus we have got R(T) = R(T). Similarly we prove R(T*) = R(T™).
(3) As ||T|| = ||T*| and ||T|| = ||T*|), it is sufficient to prove ||T|| = ||T||. For any
f A wehave [75] = | T4] < [T]1F] = [ < 7] On thectir b
for any f € Hi: ||Tf|\2 2\ TfIP < ITIIA < ITIRAAIZ + 1F412) =
TP = 1T A1 < WP = 170 < 12
U

Theorem 2.4. Let T € L(X1,X3). Then T € TLI(X1,R(T)) if and only if there
em'sts 0<m<M<oo:m|z| <||Tx|| < Ml|z|| for all x € X1. In such a case
HT = m and [|[T|| < M are best bounds for T # 0, and R(T) = R(T) if Xy is
complete (B-space).
Theorem 2.5. Let T € B(Hy, Hz). Then the following are equivalent:

(1) T € TLI(Hy, R(T))

(2) R(T*) = Hy (T is surjective)

(3) N(T) ={0} (T is injective) and R(T*) = R(T*)
Corollary 2.6. T € TLZ(H,, Hs) if and only if T*T € TLI(H,, Hy)
Corollary 2.7. Let T € B(Hy, Hz) and be any of’R( ) or ’R(T*) closed. Then the
latter range space is closed as well, and both T and T* are TLI: T € TLI(R(T*), R(T))
and T* € TLI(R(T), R(T*)).

Proof. Applying 2.3(2), we get:

L. R(T*) = R(T*) closed (H-subspace) = T is TLI by 2.5 and thus also R(T') = R(T)
is closed in view of 2.4.

I1. Using the same argumentation: R(T) = R(T) = R(T**) closed = T* is TLI and
thus also R(T™*) = R(T*) is closed. O

Definition 2.8 (Bounded pseudoinverse of bounded linear operators).
Let T € B(Hy,Hy), R(T) = R(T). Then operator T+ € B(H,, Hy) is called
(Moore-Penrose) pseudoinverse of T if the following identities are fulfilled:

(1) TT*T =T

(I2) THTTH =T+

(I3) (TTH)* =TT* (TT is self-adjoint)

(I4) (TTTY* =T*T (TTT is self-adjoint)

The restricted operator T yields a geometrically transparent formula for 7:
Theorem 2.9. If T € B(Hy, Hz) and R(T) = R(T) then R(T*) = R(T*), both
f and T* are TLI and there exists exactly one pseudoinverse of T given by TT :=
TﬁlpR(T).

We have also R(T+) = R(T~1) = R(T*) and
(1) TT" = Pr(ry,I = TT" = Py(r+)
(2) THT = Pr(r+y, I =TT = Py
(3) If T =T* then TTT =T"T = Pg(ry, I — TT+ =I1—-T%T = Py(r),
T= TPR(T) = PR(T)T and T+ T+PR(T) ( )T+
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Proof. Tt is straightforward to verify that the operator T‘lPR(T) satisfies (I1)—(14).
Uniqueness is a pure algebraic consequence of identities (I1)—(I2) so as it is in the
case of standard matrix pseudoinverse, but may be seen immediately also from 2.10.
The remaining properties are easy to verify as well. O

Following the analogy with matrices, all well-known properties and identities of
the matrix pseudoinverse remain valid in unchanged or only slightly modified form.
Their geometrical proof based on T+ := T‘lPR(T) is in most cases a simple exercise
compared with standard algebraic approach relying only on identities (I11)—(14).
The following two corollaries summarize some of the properties.
Corollary 2.10. x¢ := Ty = argmin, ¢z, ||y — Tz|| where xo € R(T™*) is the only
least-squares solution to the operator equation Tx =y having minimal norm among
all other possible solutions, more precisely: should x # x¢ be another least-squares
solution Tx = Txo =y then x ¢ R(T*) and ||z| > ||zo]|-
Corollary 2.11. Some more identities for T :

(I5) 0t =0*

(I6) (T*)* = (T")*, in particular if T is self-adjoint then T is self-adjoint as

well and ./\/'(T"‘) = N(T%)

I7) T+ =
(I8) IfT € TEI(Hl,HQ) then Tt =T-1

) 1 forc#0

0 forc=0

(1I10) (T*T)t =TH(T*)t and (TT*)t = (T*)TT" are self-adjoint
(T11) T+ = (T*T)*T* =: RYT* where R :=T*T, R(R) = R(T*)
(I112) T+ =T*(TT*)" =: T*S*T where S := TT*, R(S) = R(T)
(I13) (TH)*=TRt =5*T

(19) (¢T)* =TT for any ¢ € C where ¢t =

3. FRAMES AS A GENERALIZED CONCEPT OF RIESZ AND ORTHONORMAL BASES

3.1. Orthonormal bases.

Definition 3.1. (Bessel operator)

For @ := {¢n}nes C H the operator Lg € L(H, C‘J‘) defined by Loz := {(x, dn),, tnes
is called Bessel operator of the sequence @. For fixed @, which will be the frequent
case later on, we put simply L := Lg.

Remark 3.2. (Adjoint to Bessel operator)

If TS = ), c;&nPn converges in H at least in the weak sense for any ¢ :=
{fn}neJ € H D R(L) and T € B(HDH) then <Zn6}5n¢na f> = Zne} £n<¢na f> =
Yoncs&nlfsdn) for all f € H saying that (T€, f) = (£, Lf), and consequently
L =T* € B(H, Hy). Conversely we have L* =T, alias L*§ = ; {nébn.
Theorem 3.3. If & = {¢pn}nes C H is ONB in H then @ is an unconditional
Schauder basis allowing unique expansion of any f € H in the form f = L*¢ =
Z7L6J£n¢n; &n = <f7 ¢n> where £ = {gn}neJ = Lf € [2(J) and summation 1is
independent of the ordering of the basis elements ¢,. As L € ULZ(H,(*(J)) by
Parseval identity, we have |L|| =1 and L* = L~1.

Theorem 3.4. Every operator U € UZ(Hy, Hz) maps any ONB {¢n}nes in Hy
onto the ONB {Ué,, }ney in Ha. Conversely, the natural one-to-one correspondence
Yn = Uy, between the elements of any pair of ONBs {¢n tney in Hi and {tn}nes
in Hy may be in a unique way extended to an operator U € UL (Hq1,Hs): Uf =

Znej<fa ¢n>wn
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3.2. Riesz bases.

In view of 3.4 a generalization close to ONB can be obtained by relaxing the strict
unitarity requirement on U and assuming just U € TLZ(H;, Hz) only. We arrive at
the following definition.

Definition 3.5. ¢ := {¢p}nes C H is called a Riesz basis (RB) in H if there
exists operator T := Tg € TLI(H;, H) and ONB E = {e,}nes C H; such that
¢n = Tey, for all n € J (clearly H D {0} because ¢,, # 0 in view of e,, # 0 ). As
(f,n) = (f, Ten) = (T*f,e,), we have L = LgT* € TLI(H,(*(J)).We can assume
without loss of generality Hy; = ¢*(J), E =& and T = L* (Lg = I).

Theorem 3.6. If & = {¢n}nes C H is RB in H then ® is an unconditional
Schauder basis allowing unique expansion of any f € H in the form f = T¢ =
L*¢ =3, créndn where &, = (T71f,e,) in view of T~1f = > ney&nen.
Theorem 3.7 (Equivalent characterizations of a Riesz basis).

Let & = {¢pn}nes be a sequence in H and L its Bessel operator, then the following
statements are equivalent:

(1) @ is a Riesz basis in H

(2) Le TLI(H,2(J)) (L=T%)

(2') ¢n are independent in the sense ) - ; &ndpn = 0 implies &, = 0 for alln € J,
and there exist 0 < A < B < oo such that for all f € H holds:

AP < ILFIP = Y 1KF on)* < BII? (3.1a)

neJ
(3) L* € TLI((J), H) (L*=T)

Proof. Equivalence (1) < (2) is by definition 3.5 while (2) < (2’) is easy to see as
follows: L : H — ¢*(J)is TLI & L :H — R(L) is TLI and surjection on ¢2(.J)
& L:H — R(L)is TLI and N(L*) = {0} by 2.5(2)(3), with R(L) closed due to
2.4 & (3.1a) is satisfied, using 2.4 once more, along with independence (which is
equivalent to N'(L*) = {0}). Clearly (2) < (3) holds as well. O

Example 3.8 (Matrices).

Let T = [¢1, ¢2, ..., ¢n] be a matrix M x N with columns ¢;, 7 =1,2,...,N. Then
T € B(t?(Zn),0?(Zpr)) defines a Riesz basis @ = {¢y, }nezy in R(T) C (2(Zy) if
and only if T is of full column rank N. T defines a Riesz basis @ in the whole space
(?(Zypy) if and only if T is regular.

3.3. Frames.
Relaxing still more the requirements on the defining operator Ty of a Riesz basis &,
we arrive at the most general concept of a frame.

Definition 3.9. @ := {¢,}nes C H is called a frame in H D {0} if there exists
a surjective operator T := Ty € B(Hi,H) and ONB FE = {e,}nes C Hp such
that ¢, = Te, for all n € J. As (f,¢n) = (f,Ten) = (T*f,e,), we have again
L= LgT* € TLI(H,(?(J)) in view of 2.5 (clearly there exists n € J: ¢, # 0 and
consequently T' # 0 and L # 0). We can again assume without loss of generality
Hi=03(J),E=Eand T=L* (Lg =1).

Theorem 3.10. If & = {¢n}ncs C H is frame in H then H = L(P), allowing
unconditional (generally non-unique) expansion of any f € H in the form f =T¢ =
L*¢ =3 c7&ndn where &, = (g,e,) for some g € Hy satisfying f = Tg (thus ®
need not be a Schauder basis in general).

Later on we exclude the trivial case H = {0}.
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Theorem 3.11 (Equivalent characterizations of a frame).
Let @ = {¢pn}nes be a sequence in H and L its Bessel operator, then the following
statements are equivalent:

(1) @ is a frame in H

(2) Le TLI(H,R(L)), R(T*) =R(L) C*(J) (L=T%)

(2°) there exist 0 < A < B < oo such that for all f € H holds:

AFIP < LA =D I on)* < BIIFII? (3.2)

neJ
(3) L* € B(¢?(J), H) is surjective (L* =T ).

Proof. Analogical to the proof of 3.7 when omitting the surjectivity assumption of
L on £2(J). O

Again, as with Riesz basis, equivalence (1) < (2’) is connecting the standard
definition of a frame with the geometrical one of 3.9.
Example 3.12 (Matrices).
Let T = [¢1, ¢2, ..., dn] be a matrix M x N with columns ¢;, i =1,2,..., N. Then
T € B(*(Zn),0*(Zpr)) defines a frame @ = {¢y, fnezy in R(T) C £3(Zys). T defines
a frame @ in the whole space ¢2(Zy;) if and only if T is of full row rank M.

4. FRAME EXPANSIONS AND PSEUDOINVERSE OPERATORS

For simplicity we will assume in this section H; = ¢%(J) with natural ONB
=& = {en}nes which results in Tg = Lg™ and Lo = Tp™.
Definition 4.1 (Operator terminology for frames).
Let @ = {¢n }nes be a frame in H, then we call
e [ := Ly ...representation or discretization operator of frame &.
e L* ...reconstruction operator of frame @.
e S=TT*=L*L ...frame operator for ®.
e R=T*T =LL* ...correlation operator of frame .
Lemma 4.2. Let @ = {¢p, tnes be a frame in H, then for f € H and € := {&, ey €
¢%(J) the above operators evaluate as follows:

( ) Lf {<f7 ¢n>}n6J; L § Znejfn(bn
(2) Zn€J<f ¢n>¢n
(3) Rf {Zne] bns (bm)gn}mEJ If|J] = o0, say J = N, thenlim, oo (Pn, Pm) =
0 for each fiztedm € N (rows of ‘matriz’ [R] = [Rmn|mnez: Bmn = (én, om) =
(Pm, On) tend to zero), and conversely lim,, oo (Pn, dm) = 0 for each fized
n € N (columns of ‘matriz’ [R] tend to zero).
Theorem 4.3. Let ® = {¢y, }ney be a sequence in H such that L := Lg € B(H, (?(J)),
then the following statements are equivalent
(1) @ is a frame in H
(2) S e TLI(H, H)
(3) There exist 0 < A < B < 0o (the same as in (3.2)) such that

AllfI < ISfIl < BIIf] (4.1)
Proof. (1)*3" Lis TLI 2 §:= L*L is TLI, which is (2). (2) < (3) follows by 2.4

with the same A, B as in (3.2) in view of HLf||2 (Lf,Lf)={(L*Lf, )= (S}, f)
and the Schwarz’s inequality. O
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Theorem 4.4 (Dual frame).
Let @ = {¢n}nes be a frame (RB) in H, then the sequence &' = {¢', }nes, O =

Sty ) S=1¢, is also a frame (RB) called dual frame (RB) to &. We have
(113)

also ¢, = ST L*e,, =" L*Rte,.
Proof. Sis TLI by 4.3 = ST = S~! by (I113) = &' is a frame according to definition
3.9 because S~'¢, = S™'Tpe, where S~!Ty is surjective. O

Corollary 4.5 (Dual operator relationships using S).
(1) L' := Lg» = LS™Y, L =L'S (relationship between L and L')
(2) L' =S7'L*, L* = SL'* (relationship between L* and L'")
(3) §'=5"1,8=25"" (relationship between S and S’)
Proof. S is self-adjoint and TLI = (S~1)" = (S*)~! = S~! and thus we get:
(1) L' =T = (S 'Tp) =T3S ' =LS™! & L'S=L.
(2) L = (LS Y =85"'L* & SL™ =L*
(3) §'=L"L =S 'L*LS 1 =§71857 1 =571 & §=4g""

0
Corollary 4.6 (Duality principle).
If & is a frame in H then @' = ®.
Proof. ¢, = (6,)) = (8)"'¢}, = ()15 1o * XY 85719, = 6. 0
Theorem 4.7 (The main representation theorem).
If ® = {¢n}nes is a frame in H C Hy then Py = L*L' = L'"L, alias it holds
F=> {000 =D (f,0n)), for all f € Hy. (4.2)

neJ neJ

Proof. For f = f+ f+ € Hy we have in view 213) Lf = Lfand L'f = L'f. Hence
o f =Y s F =991 f = F=515F = sLnf Y ey =
LY. 0

5. FREQUENT SPECIAL CASES: GABOR AND WAVELET FRAMES

In the following we mention two frequently used frame constructions with dou-
bly-indexed frame elements ¢, where (a,b) € J CA x B CZ x Z.
Definition 5.1 (Gabor frame).
Let H be a functional H-space and o(t) € H, ||¢|| = 1, such that & = {4 ()} (a,p)c.s
ap(t) == p(t — b)e'?m constitutes a frame in H. We call ¢ a Gabor frame in H
and @(t) its mother function (all frame elements are obtained from ¢(t) via shifts
b € B and modulations €27 with frequencies a € A). We write & = G(p, A, B).
Definition 5.2 (Wavelet frame).
Let H be a functional H-space and o(t) € H, ||¢|| = 1, such that & = {4 ()} (a,p)c.s
Yab(t) == |a _%90(%) constitutes a frame in H (clearly [|pq5|=1 if H = L?). We
call ¢ a wavelet frame in H and ¢(t) its mother wavelet function (all frame
elements are obtained from ¢(t) via shifts b € B and scaling with terms a € A). We
write @ = W(p, A, B).
Remark 5.3.
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(1) If A and B are finite, then Gabor and wavelet frames exist with arbitrary ¢(t)
in H = L(®). In the infinite case A, B, J C A x B and ¢ must fulfil certain
conditions to define a frame. The common setting is with A = {nag|n €
Z}, ap > 0 and B = {nbo|n € Z}, bp > 0. With more strict conditions
even Riesz bases or ONBs may be obtained. At present various wavelet
orthonormal bases for the dyadic case J = {(277,k277)|j € Z,k € Z} are
popular in many applications, giving ¢, x(t) = 23 (27t — k) — see also [14].

(2) ¢(t) may be of kernel type (p(t) > 0, t € R) in the case of Gabor frame
for the space L? because the modulation term e?27* results in shifts in the
frequency domain allowing to span the whole space. That is in contrast
with the wavelet frame the mother wavelet of which has to be an oscillating
function.

6. FRAME SETTING OF THE GENERAL APPROXIMATION PROBLEM

6.1. Deterministic setting.
Let Hs be a functional H-space and G C Hs its subset spanning a subspace H :=

L(G), ||lgll = 1 for all g € G. We believe that a function f € Hy is well approximated
by functions from H. The best approximation in L?-norm is f = Pgf. Given a

tolerance € > 0, we are looking for a H-subspace
H. := H.(f) C H, dim H. < oo, such that ||f — Py f|| <e. (6.1)

Observe that Py depends also on f. In the following we write briefly ]/"; = Py_f.

Lemma 6.1. For every f € Hy and € > 0 there exists finite . := P.(f) C G which
is either empty or Riesz basis for a finite-dimensional H-subspace H. satisfying (6.1).

PTOOf. f c H= (G) = 3{%}77,61\!7 Sn € l:(G)v Sn = Cp191 + Cn292 + -+ Cum, 9man >
cnj € C, g; € G such that ||f — s,|| — 0 for n — oo. Thus, given £ > 0, there exists
N: ||f — syl < e If we put &, := {g1,02, .. gmx }» then sy € L(®.) =: H. and
Hf—PHEfH = Hf—PHEﬂ\ < Hf—sNH <e. If H. = {0} we can put @, = ), otherwise
one can assume without loss of generality that g1, g2,...,gm, are independent and
dim H. = my < oo. Consequently, @, is Riesz basis in H. because the associated
operator L* € LI((*(J.),H.) = TLI((*(J.),H.), J. = {1,2,...,mn}, where the
latter identity holds due to finite dimension of H, (cf. example 3.8). O

Theorem 6.2 (Algorithm: construction of @.(f)).
Suppose € > || f — fH and |G| < Rg. The steps of an algorithm for finding @-(f) =:
{dmt1<m<m and f; are as follows:
1° Initial step form =0: & := 0, Hy = {0}.
2° Repeated step for m > 0:
Let us denote @1 = {@1,...,Pm—1} elements which already have been
constructed in previous steps and put Hy,—1 := L(Pr—1), compute fm,l =
Py, fand f- | = f— f;n_l. Then we proceed in the order as follows:
(a) If | f5_1ll < e, then we can put @.(f) = @1, M =m—1, Fo=fmo1
and stop.
(b) Else if (f-_1,9) =0 for each g € G—®,,_1, then f;-_| | H saying that
fm,l = f is exact solution, consequently we put again G.(f) := Pp_1,
M:=m-—1, J:"; = fm_l and stop.
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(c) Otherwise there exists g € G Gp_1: (£ 1,9) # 0 and we select
bm € G — Py for which |{fi5_1, ém)| is sufficiently large,
Gm = argmax,cq g, |(f_1,9)| being the best choice provided that
such ¢, exists. Afterwards we put m = m + 1 and continue with the
next step 2°.

Proof.
The algorithm will stop after finite number of steps:
Should this not be the case, denote Hoo 1= L(Po), where Pog = {¢1,02,...} =

Uoe_, @y, lists all the elements selected by countably many steps (c) of our algorithm

For any & > 0, by lemma 6.1, there exists @ Hfoo — Py_, f|| < &’ where foo 1=
Py_f and Ho = L(D.). Slnce P, C @w is empty or ﬁmte there must exist
N € N such that Vm > N: &, C &5 C &, and H.» C Hy C Hm, y1eld1ng
Hfoo fm|| < ||fOO — Pp_, f|| < ¢’ for any m > N. Thus we have proved fm — fOo
for m — oo. Using this and the continuity of the inner product, we are about to
show fOo = f It is sufficient to verify f — foo L H,or, (f — foo, g)=0VgeqG. If
there exists g € G: (f — foo,g> # 0, then (f, g) # <foo,g> and g € G — @, because
of f— foo 1 &. As, by continuity <fm,g) — (foo,g>, there exists mg such that
(f,9) # <fm,g) VY'm > myg. Hence (f—fm,g) #0Vm >my = g € Do (g had to be
selected into @, for some m). But this is contradiction with g € G — @,. Putting
now e :==¢— ||f — fH > 0, we have 0 < ¢’ < ¢ and the following estimate:

L3l = 1F = Pry fIl < W = fooll + 1 foo = fnll SN = Fooll + [1f = P, fI| <
<If=fll+e=e
Thus stop condition (a) is fulfilled with m = N + 1 which contradicts our original
assumption.
If the algorithm stops after completing M steps then
(1) @, := &)y is a correct choice:
Indeed, the algorithm has stopped either due to condition (a) or (b) with
m =M+ 1: R
(a) f—f€H" and f — Py, f € H (in view of Hyy C H) =
If = Pry fI2 = 1f = FIP + 1 f = Py fIP = || = Py fII? =
If = Pra FII7 = 1f = FI? < If = P £11? = [ f37]I? < €2 due to fulfilled
condition (a).
() = (fi, )—OVgéG ¢M$<fM, g) =0Vg € G because fi; L ®y.
Thus fM 1 H and f fM = Py,, f is exact solution =
O_Hf PHMf||§5'
(2) Py is empty with M = 0 or Riesz basis of Hy; with M > 0:

e M =0= &Py = in view of 1°.

e M > 0: Asdim Hy < o0, it is sufficient to show that @pr = {¢p1, @2, . . .,
¢m} are independent (cf. proof of 6.1). We are going to show by
induction on m that &, = {¢1,¢2,...,dm} are independent for all
1 <m < M. Indeed, for m = 1 this is true because ¢1 € G, ||¢1]| =1 =
¢1 # 0. Let by induction hypothesis ¢1, ¢o, ..., dpm—1 be independent,
then due to (¢): @p, = @1 U {¢m} where (f£ | ¢n) #0 = ¢, ¢
L(®yy—1) = Hp—1 (because of ft | L Hy1) = ¢1,02,...,0m are
independent.

O
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Remark 6.3.

(1)

By 4.7

m—1

fm—l :L,:n,_le—l = Z <fa ¢j>¢; (62)

j=1
where &), 1 = {¢},...,¢},_1} is dual frame to Pp,—1 in Hyo1, ¢ =

- . 4.2(2) -1
St j=1,...,m—1, where S,,,_19 = Z;”:l (9,005, 9 € Hpy1,
and S,,—1 € TLI(Hy-1,Hm—1) in view of 4.3. Computationally more
practical is the alternative formula ¢} = L R _e; (see 4.4) where the

correlation operator R,,,—1 = Lp,—1L},_; is standard matrix operator of size

m — 1) x (m — 1) with entries R, 423) Gu, Py). Then RY . is easily
m—1

evaluated as standard matrix pseudoinverse.

In practical computations f uses to be described only by the vector of dis-
crete samples f(t) := [f(t1),..., f(tn)]T at t = [t1,...,tx]T which intro-
duces additional systematic error into the computation of (6.2) in each step
because the inner products (f, ¢;) are to be evaluated approximately. For
example in L? the integral (f,¢;) = ffooo f(u)m du ~ n; where 7n; are
approximate values obtained by a suitable (linear) quadrature formula.

6.2. Stochastic setting.

A) Simple approach: With sampled f, in addition to the systematic er-

ror mentioned in 6.3(2), also random errors f(¢;) + e; may disturb the
computation of (f,¢;). Then a suitable estimator Lin_1 (e.g. a linear
one based on the above mentioned quadrature formula) has to be used:
Lon—1f(t) ~ Ly_1f. If Ly_q is linear (matrix of size (m — 1) x N) then,
fortunately, with suitable choice of ¢; (e.g. of kernel type) and/or quadrature
weights, this estimator operates like weighted mean, reducing the corrupting
random noise.

Error propagation: Let V' denote the covariance matrix of corrupting noise

vector e = [e1,...,en]T, then fm,l(t’) is estimated on arbitrary mesh
t' =[t,...,t]T also by linear formula

ﬁrl—l = [¢/1 (tl)v R (b:nfl(tl)]zm—lf(t)
with covariance matrix V,,_1 = F’zm,lVE;"n_lF’* when denoting F’ :=

[, (#),..., 8., (#)]. There Ry_1 := Lp_1L%,_, may be viewed as an
estimator for the operator R,,_; in cases where its entries are not easy to
evaluate by some reason.

B) Sophisticated approach: We operate in the stochastic setting from the

very beginning with Hy being a H-space of random variables or processes
(discrete or continuous) and H its suitable subspace spanned by g € G with
known (or estimated) cross-covariance structure. This allows for exact (or
approximate) computation of the associated correlation operators R,,_; via
suitable inner products, typically by stochastic integrals in case of processes.
Then estimates f,,—1 are obtained directly as a random variable or process
by linear combination of some g € G with coefficients evaluated by means
of R,,—1 and the observation of f € Hs.
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Example 6.4 (Time series).
Let X = {X;}iez be a time series, X; € L*(Q, A, P) — the IP-space of all
finite-variance (complex) random variables on probability space (€2, A, P)
with inner-product (X,Y) := EXY. That space is known to be complete
(H-space) but not separable in general. Preserving notation of this section,
we can put:
o Hy := m C L2(Q, A, P) which is separable H-subspace as required.
If X is zero-mean process then, clearly, (X,Y) = cov(X,Y) and || X|| =

gx in HQ.

o f:= X, for arbitrary but fixed n € Z and a k € N.

o G := {X,/ot}i<n, 0t := 0x,, the set of generators with unit norm
(variance).

L4 g?\s (X7L+k‘) = {X7L+1—hm,}1§7rL§M7 hm € Nand by < -+ < hyy.

o f.:= )A(s,n-s-k the e-approximation to the best linear k-step prediction
Xoin of Xpir in H := L(G).

We have by (6.2):

M _

X E ’ EXpikXnt1-n;

Xentk = n (K, hj " where n(k,h;) = ———~,
4 j_IQ ( J)¢j on( J) nt kO 1,

If X is (weakly) stationary zero-mean with variance 02 and autocorrelation
function o(h) := cov(X¢tn, X¢)/0? then o, (k, h;) = cov(Xpip, Xnt1-1,)/0>
= o(k+h;—1),j=1,2,..., M, are independent of n. Thus e-level significant
autocorrelations have been selected by our algorithm from theorem 6.2 to
play the role of dual-frame expansion coefficients. With h; = j for j =
1,2,..., M (model X ~ AR(M)) it is straightforward to see that the above
formula is exactly the standard Yule-Walker-type k-step predictor. Indeed,
by theorem 4.4 ¢, = L*R*e; = S0 REdi = Y1 R X 1—; where R =
[R;;] and R = [Ruv]7 Ry = <X7L+1—U/U; X7L+1—U/U> =

cov(Xpt1—vs Xnt1-u)/0% = o(u — v). Hence

M M M M
Xemie = 0k +j— DO RiXup1) =Y O Riolk+j — 1)) Xni1-s.
Jj=1 =1 =1 j5=1

Denoting gy, := [o(k), o(k+1),...,0(k+M —1)]T then &k := [€x1, k2 - - -
&em)T is the vector of autoregression coefficients &, ; := Z]Ai1 R;;g(k +7—
1) which, when written in matrix form &, = R"g,, is exactly the least-
mean-square solution to the well-known Yule-Walker system R§;, = g.
By functionality of algorithm 6.2 the frame elements have been selected
independent and constitute therefore Riesz basis (cf. proof of lemma 6.1).

Then R is TLI (regular) in view of 3.7(2)(3) and R™ B p-1 However, in
practical computation with small tolerance £ the matrix R may be close to
singular, that is why the pseudoinverse is more appropriate.

Representing an unknown object (data vector, function, random variable, random
process, etc.) in form of (even non-orthogonal) linear expansion in terms of other
fully or partially known objects is inherent in almost any approximation problem.
The theory of frames yields a fairly general methodological framework for modeling
and solution of many such problems. Dual frame expansion is to be preferred by
reasons of numerical stability.
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A variety of techniques, either known (see example 6.4) or novel (see section 7
below), may be obtained in this way avoiding technical details of the objects under
consideration or their uncertainty due to random effects. Then, at the final compu-
tational step, it is the matter of numerical analysis and statistics (under additional
assumptions if necessary) to quantify and minimize the errors due to finite nature
of estimators used instead of operators involved (see L and R in 6.2A) or commonly
used Yule-Walker estimators for L and R based on estimates of autocorrelation
function ¢ from example 6.4).

7. KERNEL FRAME SMOOTHING OPERATORS

We state a special approximation problem of 6 as follows:

t—>b
= 1,6 = {o("20) l@n) € T C Ax B, AL 1Bl <%

with a given (kernel) function ¢(t) € Hy. Clearly |G| < Ry satisfies the assumption
of algorithm from theorem 6.2.

Definition 7.1. The orthogonal projection operator Py, (f) € B(Hs, H.) from (6.1)
is called e-optimal kernel frame smoothing operator for f onto H. If &.(f) =
{d1,...,0m}, ¢i(t) = ga(t;—f”"), is the associated wavelet frame (RB), then b; are
called e-optimal shifts and a; e-optimal scales (bandwidths) for f onto H.

Remark 7.2. By the main representation theorem 4.7 the smoothed function evalu-

ates as
M M

Rty = - tf.006i0 = Yor e (), @

i=1 =1

The latter form confirms that Py belongs to the family of kernel smoothing oper-
ators [13]. In contrast with the classical case the usual expansion co-ordinates f(t;)
are replaced by more precise dual frame weighted discretization L'(f) = {(f,#})}:
and in addition to optimal bandwidths a; also optimal shifts b; may be found whereas
in the classical setting b; = t; are fixed [6, 10]. Nevertheless, if desired, the latter
restriction is easily incorporated by appropriate choice of index set J C A x B.

Figure 1a) visualizes a true six-element frame (not Riesz basis) @ := {¢1,...,¢6}
derived from lorentzian mother kernel function ¢(t) := Hﬁ’ t € [0,1], as follows:
Pi(t) == cp(t;b) for i = 1,2,...,5, ¢6(t) = w1(t) + @3(t), with scales a; = 0.1,

as = 0.3, a3 = 0.5, ag = 0.3, a5 = 0.1 and shifts by = 0.1, bo = 0.3, b3 = 0.5,
by = 0.7, b5 = 0.9. The associated dual frame @’ is shown in Figure 1b).

Afterward (Figure 2) the function f(t) := —¢1(t)+2¢p2(t)+3¢3(t) —2p4(t)+5(t) €
L(®P) (full line) has been reconstructed (dashed line) in terms of ¢} (¢) from its discrete
samples corrupted with gaussian zero-mean white noise with variance o2. Three uni-
form sampling meshes in combination with two noise levels ¢ = 0.2 and ¢ = 0.6 con-
firm a very good performance of the kernel frame smoothing operator. Rectangular
rule was used as the simplest quadrature formula for approximate evaluation of inte-
gral scalar products (f, ¢;) which play the role of expansion co-ordinates according
to (7.1) — approximation L to the representation operator L.
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Figure 1: six-element lorentzian kernel frame (left) and its dual (right)
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CQurve reconstructed (dashed) by dual frame expansion

5 T T

CQurve reconstructed (dashed) by dual frame expansion
T T

a) corrupting noise with o = 0.2 b) corrupting noise with o = 0.6

Figure 2: Dual frame reconstruction from 50,20 and 10 samples (top-down)

8. CONCLUSION

A novel geometric approach was outlined which is useful both for the construction
of pseudoinverse operators in Hilbert spaces (cf. 2.2, 2.3, 2.7, 2.9) and definition of
frames (cf. 3.9) preserving equivalence with the commonly used analytic descriptions
of frames (cf. 3.11). A one-to-one correspondence between frames and operators

having bounded pseudoinverse could thus be established in a transparent way.

A nearly optimal (in a least-squares sense) approximation problem has been for-
mulated and solved in section 6. The associated numerical discretization effects

along with the influence of corrupting random noise are briefly discussed as well.

For a new type of kernel frame smoothing operators introduced in section 7
e-optimal bandwidths and shifts are easily found as a solution to a special approxi-

mation problem stated above.
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