ROBUST’2000, 298 — 307 © JCMF 2001

ON SOME EXACT DENSITIES IN AN EXPONENTIAL FAMILY

MILAN STEHLIK

ABSTRACT. The aim of this paper is to give some results on the exact density of the
I-divergence in the exponential family with exponentially distributed observations.
It is shown in particular that the I-divergence can be decomposed as a sum of two
independent variables with known distributions. Since the considered I-divergence
is related to the likelihood ratio statistics, we present the method of computing the
exact distribution of the likelihood ratio test. One numerical example is provided to
illustrate the methods discussed.

Pesrome: YBaykaercs mpobisiema HAUTU pacrpenesenuve V-nuBepreHmuu asist
EIIITOHEHINAJLHOI'O CEeMEeMCTBA.

1 Introduction. Let’s consider a statistical model with N independent obser-
vations 1, ..., yn which are distributed according to the exponential densities

7 (V) exp{—7i(9)yi}, fory; >0,
0, for y; <O0.

Fwild) = { (1)

Here ¥ := (¥1,...,9p) is the vector of unknown scale parameters, which are the
parameters of interest. The parameter space © is an open subset of R?, v; € C?(O)
and the matrix of first order derivatives of the mapping v := (v1,...,7n) has full
rank on 6.

This model is motivated e.g. by a situation when we observe the time intervals
between (N + 1) succesive random events in a Poisson process, which is commonly
used in queueing systems (c.f. Kaufmann and Cruon, [5] and Kleinrock [6]), then
the parameters 7; () are equal to the (usually parametrized) intensity ~.

Another example is the software-reliability model of Moranda developed further
by Gaudoin and Soler [4]. Here the objective is to assess the failure rate based on
the observation of the successive failure times,

O<thi<to< - <tp <...,
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which are observations of a random point-process.

Gaudoin and Soler(1992) suppose, that
’yi(191,192) = 191)\1'(192); 1= 1, ,N

with ¥; € RT,9 € R. The parameter 11 is a parameter of scale and the param-
eter 1, represents the change of the reliability of the software, resulting from the
correction after its i-th failure. In particular, when

/\1(192) = exp{—(i — 1)192}

(cf. Gaudoin and Soler (1992)), then 3 = 0 if the reliability is stable and ¥2 > 0 if
there is a growth of reliability. Here is proposed a rather complicated expression for
the distribution function of the maximum likelihood estimator (MLE). In P4dzman
[8] the probability density of the parameter estimators is considered.

The other one interesting problem is a test on proportion of the exponential
distribution which can be used for constructing a statistical quality control sampling
plan (c.f. Rublik, [9]).

The last but not least example is GLM with exponential distribution (c.f. Mc-
Cullagh and Nelder, [3]).

Such set-ups motivate interesting statistical problems. In the present paper we
put stress on the testing problem and consider the likelihood ratio (LR) test. We
derive exact distribution function and the density of the LR test of the canonical
parameter. The table of critical constants is also given and we compare the exact
distribution of the LR with the asymptotic one.

2 The I-divergence. In this section we consider some structural properties
of the model to be used later. Model (1) is a regular exponential family which is a
subfamily of the family

N
{nyly) = [[we " ber (2)
i=1

To relate this to the general theory of exponential families we can write densities (2)
in the form

{exp(—v(y) + )"y — £(7) }rer (3)

where

¥(y) =0
tl(y> = —Yi; 7= 1, ,N

K(y) =— Zln(%)

I'={(v,»),7 >0, i=1,..,N}

The family (1) can be considered as a particular case of a nonlinear family with
densities

{exp(—v(y) + " (¥)v(¥) — (v(¥)))}veo



which is ”covered” by the family (3) in the sence that it is a subfamily of the family
(3), and

{tly) :y e Y} C{E,{t(y)} : v € I'} (c.f. Pazman, [7], chpt.9). (4)
Since in regular exponential families we have the relation (c.f. Barndorf-Nielsen, [1])

B, (1)) - S50,

by the ”covering” property (4) we can associate to each value of ¢(y) a value of 7,
denoted 4,, which satisfies
9k(7)

8—7“:% = t(y)- (5)
From (5) it follows that 4, is the MLE of the canonical parameter 7 in the covering
family.
The Kullback-Leibler divergence

1(y*,7) :EV*{%(Z'K))}; v,y Eer

in the model (2) is equal to

N
I, ) =-N+3_ {j— - ln<%>}.
i=1 't L

By the use of (5) we can define the I-divergence of the observed vector y

N
In(y,7) = 1(3y,7) = =N + Z{ym = In(yivi)}-
i=1
For v > 0 let us introduce a function

Go() = { x —vln(x), forz >0,

0, for x < 0.

Further G := (G7 is used. This allows to write

In(y,7) = Z{G(%yi) -G} (6)

3 The geometric approach to the /-divergence.
In this Section we give our main results, Theorems 3.2.1. and 3.2.2..

Let us introduce notation y ~ exp(y1,...,7n), ¥ € I when y = (y1,...,yn) is
distributed according to the density h(y|y) (see (2)).

3.1 The case of one observation.



Let’s have y ~ exp(¥). Then the I-divergence I; has the form I;(y,v) = —1 +
G(vy) (see (6)). The function G : (0,4+00) —< 1,+00) has as an inverse multifunc-
tion G~! :< 1, +00) — 2% with two differrentiable selectors min G~! and max G~!.
In the Appendix A is given that

min G~ (u) = —LW(0, —e™ %), u > 1
and
max G~ (u) = —LW(~1,—e™"), u>1

where LW(k,w), k € Z, w € C is the value of the k—th branch of the Lambert-W
function at the point w (see Appendix A).

Let F(z) is the cummulative distribution function (c.d.f.) of I1(y,v). Then
F(z) =0 for z <0. For x > 0 we have

F(z) = P{G(yy) <142} = P{minG'(14+2) < vy < max G '(1 4+ z)} =

= P{-2oW(0,~ ) <y < ~LoW(-1, 1)) =
v g
— W0, ) _ L ZLW(—1,—e T )
dF
To obtain the density f(z) = ()
Appendix A. Thus we have proved the following proposition.

we follow the rules for derivatives explained in

Propostion.

Let y ~ exp(¥). Then the c.d.f. of I1(y,~) has the form

- eFEWO—eT T G TLW(=1—eTT)  fon 50,
x =
0, for x <0,

and the density of I1(y,~) has the form

flz) = { q(1,z, %) —q(0,z, %), for x >0,
0, for x <0.

Here

SCW(—k, —e~ 1)

T 1+ LWV (—k —e—l_r)esm(_k?_eih) fork eZ; r,5>0.

q(k,r,s)

3.2 The case of N observations.
Let us consider the (N — 1)-dimensional Euclidean simplex
oy 1={ueR¥ 1 0<u; <1,..., 0<uy_1 <1—u; —...—uy_s}
and the positive cone Ex = {z € RY,x; > 0,...,2x > 0} of the N-dimensional

Euclidean space EV. It holds Ex = ony_1 x &. For ¥ € I' we define the map
I/,-y:gl X ON—-1 —>€N



— for1<i<N-1,

yi=19 (7)
— (1 —u; —ug—...—uny—_1), fori=N.
IN
N—1
drdu.

This map is regular and dy = ——
Y1--YN

Theorem 3.2.1.
Let’s have y ~ exp(F1,...,7n) and 6 > 0.
Then In(y,07) is the sum of two independent variables Ry and Sy where
Ry = Gn(6r) — Gn(N) (8)
and
SNz—ln{NNul...uN_l(l—ul—...—uN_l)}. (9)
Here r is I'(N, 1)-distributed and (uy,...,un—1) is uniformly distributed on the sim-

plex on_1.

Proof.
Into the characteristic function ¢ of the variable Iy (y, %) we introduce the co-
ordinates (r,u1,...,un—1) corresponding to the map vy (see (7)).

After the substitution we obtain () = 91 (u)12 () where

7,.N71

+oo
() = / exp{i G () = G (V) g

and
Ya(p) = / exp{—ipIn{Nui..uy_1(1 —u; — .. —un_1)} }du
oN-1

are the characteristic functions of the random variables Ry and Sy from the The-
orem 3.2.1.. This completes the proof.

Theorem 3.2.2.
The c.d.f. of the variable Ry from the Theorem 3.2.1. has the form

pP+N

FN(=N6=1 LW(=1, —e="N")) = Fn(=N&~2 LW(=e= ")), p>0,
0, p<0

Fn(p) = {

and the density of the Ry has the form

h(N,1,p,671) = h(N,0,p,67 "), for p >0,

0= s



Here Fn(x) is the c.d.f. of the I'(N,1)-distribution and for N e N, k € Z; r,s >
0 we define

(_N)NilsN {L:W(—k, —e ~ )}N eNsCW(fk,67 TVJIFVN).

h(N,k,r,s) =
( ) L(N) 14 LW(—k,—e="F")

Proof. For p < 0 we obtain Fi(p) = 0. Let us have p > 0. Then

Fy(p) = P{=N6"'LW(—e "V ) <1 < =N 'LW(-1,—e "~ )} =

2

pP+N

) — Fn(=N& LW (—e™

pP+N

)

The density of the Ry follows after the differentiation of Fiv(p) (see Appendix
A).

= FNn(=N§1LW(—-1, e~

O

3.3 The comparison to the normal model.

The components Ry and Sy (see Theorem 3.2.1.) are independent variables (it
means that our decomposition is also deconvolution), Ry is the ”radial” component
depending only on the "radial” coordinate r and Sy is the simplectic component
depending only on the simplectic coordinates (u1, ..., un—_1).

There is an analogy between the radial component of the I-divergence in the
normal linear regression and in the model (1). To see this we note that in the
normal regression with y ~ Ny (9, 02I) we have

1
In(t(y), V) = @Hy — 32

where ¥ € O is the unknown parameter of the interest and o is a known variance
parameter. Here we must use the spherical coordinates (r(19), 1, ..., on—1) of ENV —
n(9¥) and the decomposition contains only the radial component

. 1
In(U(y),9) = Riy(r,0) = 5 57(0)°.
The LR test of the hypothesis Hy : ¥ = g versus Hy : 9 # 9 based on the
statistics —2In X\ = 2R%(r, o) has x%-distribution under the null hypothesis.

To make the comparison to the exponential model let us consider the LR test of
the hypothesis Hy : v = o versus Hi : v # v in the simple GLM y ~ exp(7, ...,7y)
(Poisson process, see Section 4). The LR statistics —2In A = 2Ry (r,v0) is asymp-
totically x?-distributed under the null hypothesis (see Wilks, [10]).

4 Tllustrative example.

In this Section we show some applications of our results to the LR test of the
parameter of interest in the model (1).



We consider a statistical model with N independent observations y1, ..., yny which
are distributed according to the exponential density

i) = vexp(—yyi), for yi >0,
sl 0, for y; < 0.

Here 7 is an unknown scale parameter (intensity) and the parameter space I' = &;
is the open subset of R. This model is a special case of the model (1).

4.1. The exact LR test of the intensity.
We consider the test

(10)

Hy : v =9 versus Hy : v # Yo (11)
in the model (10).
Theorem 4.1.1.
The test statistics —In X of the LR test to the hypothesis (11) has the form

N
™(Yy) = Gn(r0 Y 4i) — Gn(N) (12)
i=1

and Ty = Ry, where Ry is the "radial” component of the In(y,vo) (see (8)) .

Under the null hypothesis the c.d.f. and the density of T is given in the Theorem
3.2.2. where we take 6 =1 and the Wilks statistics —21n X\ has the c.d.f. of the form

Fa(=NLW(-1, e 175%)) — Fx(—-NLW(—e1=3%)), 7> 0,
En(m) =1 <0

and the density of the form

(13)

f (T):{%{h(N,l,g, )= h(N,0,3,1)}, forT>0,
; 0, for 7 <0.

The proof is presented in Appendix B.

Table 3 contains the critical constants ¢,y of the LR test —21In A on the level of
significance « in small dimensions N obtained from its exact distribution (13).

Table 3. Critical constants cq,N.

a\ N 1 2 3 4 5

0.005 8.852997810 8.460579550 8.287166100 8.192107640 8.132601599
0.01 7.498403700 7.136930670 6.983699006 6.901147440 6.849915290
0.02  6.15478803 5.831756370 5.700796220 5.631435842 5.588746670
0.05 4.407670803 4.149077148 4.050520530 3.999436000 3.968318015

4.2 Comparison with the y%-asymptotics.

The MLE # of the parameter « in the model (10) is consistent and —21In A has
asymptotically y3-distribution (c.f. Wilks, [10]). In this Section we present how the
exact distribution of the LR test differs from the asymptotic one.

Let us present the Table 4 of the critical constants k, obtained from the asymp-
totic y3-distribution of the —21n )\ on the level of significance 0.005, 0.01, 0.02 and
0.05.



The following Table 5 shows that the exact levels of significance . n of the critical

Table 4. Critical constants kq, .

« ko
0.005 7.879438577
0.01 6.634896601
0.02 5.411894431
0.05 3.841458821

constants k, are higher in small dimensions N than the asymptotic ones.

Table 5. The exact levels of significance ae, n-

a\ N 1 2 3 4 5

0.005 0.008224735 0.006771825 0.006204483 0.005908783 0.005728607
0.01 0.015599286 0.013037809 0.012058871 0.011552053 0.011244013
0.02 0.029448482 0.025065314 0.023424550 0.022579936 0.022067611
0.05 0.067701923 0.059361294 0.056314364 0.054754992 0.053810812
a\ N 10 20 30 40 50

0.005 0.005364607 0.005182040 0.005121267 0.005090910 0.005072708
0.01 0.010622626 0.010311006 0.010207222 0.010155366 0.010124268
0.02 0.021035190 0.00517344 0.020344780 0.020258532 0.020206799
0.05 0.051909321 0.050954881 0.050636560 0.050477398 0.050381907

Appendix A. The Lambert-W function satisfies

LWV(2)eFWE) = 4,

As the equation yexp(y) = z has an infinite number of solutions yj, for each (non-
zero) value of z € C, Lambert-W has an infinite number of branches. Exactly one
of these branches is analytic at 0. Usually this branch is referred to as the principal
branch of Lambert-W, and is denoted by LW(z) or LW(0, z). The other branches
LW(k,z), k € Z\ {0} all have a branch point at 0. The principal branch and
the pair of branches LW(—1,z) and £LW(1, z) share an order 2 branch point at
point —exp(—1). The branch cut dividing these branches is the subset of the real
line from —oo to —exp(—1), and the values of the branches of Lambert-W on this
branch cut are assigned using the rule of counter-clockwise continuity around the
branch point. This means that LW(z) is real-valued for z € (—exp(—1),00) and
similarly, the branch corresponding to —1, LW(—1, z), is real-valued on the interval
(—exp(—1),0). For all the branches other than the principal branch, the branch cut
dividing them is the negative real axis. The branches are numbered up and down
from the real axis (this is very similar to the way the branches of the logarithm are
indexed by the multiple of 27¢ which must be subtracted from the imaginary part
to recover the principal branch).

The asymptotic behavior of the Lambert-W at complex infinity and at 0 (for the
non-principal branches) is given by



{c(m,n) In(In(k, z)} 7+
ln k Z m+n+1 ’

LW(k, z) ~ In(k, z) — In(In(k, z) Z

m,n=0

where In z denotes the principal branch of the logarithm,
In(k, z) =Inz + 2kmi

and the ¢(m,n) are constants independent of k. The expansion for LW(—1, z) is
not valid for z — 0 along the negative real axis (the effect of the branch point at
—exp(—1) must be considered), but holds otherwise.

Without the proof (which is rather technical) we present the following Lemma:
Lemma.

Let v > 0. Then for u > G,(v) we have the following expressions in terms of
Lambert-W function:

and

u

max G, ! (u) = —vLW(-1, —eT).

Heremin G, ! and max G, ! are selectors of the multifunction Gy 1 :< Gy (v), +00) —
28 Purther let us define fi.(z) = LW(—k,—e %), > 1, k=0,1.

Then fi, € C*((1,4+0),R) and f}(z) = —% holds.

Previous Lemma shows that all densities and c.d. functions in this paper are
real-valued functions and gives the formula for computing of derivatives.

The Lambert-W function has a good implementation in mathematical software
such as Matlab 5.3 or Maple V Release 5.1. For more information see Corless [2].

Appendix B.
Proof of the Theorem 4.1.1. The LR to the hypothesis (11) is

Ay - £

) 1)

where f(y|y) = 7 exp{—y Z y;} and 4 = N{ Z y; } ! is the MLE of the parameter

~. Putting it into the (14) we obtam the formula (12) Application of Theorem 3.2.1.
completes the proof.
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