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SAMPLE PATH BEHAVIOUR OF WIENER
AND CAUCHY PROCESSES

Stanislav KEPRTA'!
MFF UK, KPMS

Abstrakt. Clanek popisuje chovani trajektorii Wienerova a Cauchyho pro-
cesu pomoci integrdlnich testu.

Peziome: B crare onucaHbl MHTErpaJbHBIE TACTHI KOTOPBIE XaPaKTePU-
3yIOT TpaeKTopuu nporneccoB Bbpoyna u Komu.

1. DEFINITIONS AND NOTATIONS

Let {V(t); t > 0} be a stochastic process. We define the following classes of
functions (cf. Révész (1990), pp. 33-34).
Definition 1.1. The function ¢ belongs to the upper-upper class of {V (¢);
t >0} (¢(t) € UUC(V (¢))) if for almost all w € Q there exists a tg = to(w) >
0 such that V(t) < 4(t) for all t > to.
Definition 1.2. The function 1 belongs to the upper-lower class of {V (t);
t >0} (¢(t) € ULC(V(t))) if for almost all w € € there exists a sequence of
positive numbers 0 < t; = t1(w) < t2 = to(w) < - -+ with ¢, — oo such that
V() >9(t:), i=1,2,....
Definition 1.3. The function 1 belongs to the lower-upper class of {V (t);
t >0} ((t) € LUC(V(t))) if for almost all w € £ there exists a sequence of
positive numbers 0 < t; = t1(w) < t2 = to(w) < - -+ with ¢, — oo such that
V() <9(ts), i=1,2,....
Definition 1.4. The function ¢ belongs to the lower-lower class of {V (t);
t > 0} (¥(t) € LLC(V (¢))) if for almost all w € € there exists atg = to(w) >0
such that V(t) > v(t) for all t > to.
Assume, for a moment, that a process {V(t); ¢ > 0} and functions ()

and &(t) are positive. If

. V(t)

h?iigp 0 1 as.,
then for every e > 0, (14¢)1(t) € UUC(V(t)) and (1—¢)i(t) € ULC(V (t)).
Similarly, if

lim inf w =1

t—oo £(t)
then for every £ > 0, (1+¢)§(t) € LUC(V(t)) and (1 —e)&(t) € LLC(V (t)).
But we do not know whether t(t) belongs to UUC(V (t)) or to ULC(V/(¢))

a.s.,
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and whether £(t) belongs to LLC(V(t)) or to LUC(V(t)). Therefore, the
division of functions into UUC and ULC classes gives a stronger result than
a lim sup result, and the division of functions into LL.C and LUC classes gives
a stronger result than a liminf result.

Define the following class of functions,

U = {4; ¢ is a positive function defined in a neighbourhood of infinity
(1.1) such that t'/% /4(t) or t'/%¢(t) is nondecreasing
in a neighborhood of infinity for some « > 0}.

Define the following integrals,

*° max d
(1.2) Zy(v,c) :/ Mexp(fcuﬂ(t)) dt, ¢>0, d=0,1,...,

t
and
< 1
(1.3) jd(z/}):/ Wdt, d=1,2,....
We will write Zy4(1)) instead of Zg(%), 1). Define
(1.4) c*(¥) =inf{c > 0; Zy(¢,c) < oo},

and notice that for ¢» € ¥ the definition of ¢*(¢)) does not depend on d.

2. LIMSUP AND LIMINF BEHAVIOUR OF THE WIENER PROCESS

Let {W(t); t > 0} be a standard one-dimensional Brownian motion. For
t > 0 define

M) = sup W(s), M~()=- inf W),
M(t) = sup [W(s)] = max [M(0), ()]

In Keprta (1997) we find the following improvement of the Kolmogorov’s
classical integral test (to keep the things simple we state the theorem only for
one-dimensional Brownian motion, for r-dimensional case see Keprta (1997)).
Theorem 2.1. Let 1) € . Then

< 0

= OQ.

(2.1) P {M(t) > V2tY24(t) i.0. ast — oo} = {? as Il(w){

Corollary 2.1.
: M(t) oo 1/2
h?lsolip () = (2¢*(¥)) a.s.
Remark 2.1. In the above theorem and corollary M (¢) can be replaced by

W(t), =W (t), W (t)|, M*(t), or M~ (t).
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Ezample 2.1. The classical example is this. Let ¢%(t) = logyt + 3 logg ¢ +
logyt + -+ +log, 1t + (1 +6)log,t, where log, t = log(3 V logt), log, t =
log;,_1(3Vlogt), k=3,.... Then for p > 4,

UuC((2t)~12M (1)) §>0
Vi) € {ULC((Qt)1/2M(t)) ace. as {5 <.

The Kolmogorov’s integral test assumes that 1 is nondecreasing. The
assumption that v is nondecreasing implies that ) is close to (loglogt)'/2,
in particular, if 1 (t;) < (1 — ¢)(loglogty)/? for a sequence t;, ,/ oo and
some ¢, 0 < & < 1, then the probability in (2.1) is one. However, under our
monotonicity assumptions we are able to construct a functions ¢ such that

lim inf & =0,
t—oo (loglogt)t/2
but Z; (v) < oo and v/2t/2¢)(t) € UUC(M(t)).

Let f be a positive, nondecreasing function from [3,00) to (0,00), such
that f(t) — oo as t — oo, and f(t) < (2loglogt)'/? for all t > 3. Let
3<T <T] <T{ <To <Ty <T§ < --- and 9 be defined in the following
way,

(2loglogt)'/2, T,<t<T,
w(t) = QOTTL A2, T <t < Ty
f(0), T, <t < T,
where
T~ inf{t > Ty £(6) > WTTLH2),
Then 71 (¢)) < oo if and only if

Z/ "+11/) eXP( dt Z/ nﬂf exp( f (t))dt<oo.

Hence, f can go to infinity arbitrarily slowly, and convergence or diver-
gence of the integral is decided on the intervals where % is equal to f.

Another interesting example is this. Put ¢(t) = (2loglogt)'/? for t ¢ N
and 9 (t) = 2 for t € N. Function ¢ is such that Z; (¢)) < oo, however, since
Y(t) - oo ast — oo, V/2t/2y(t) € ULC(M(t)). In the same spirit we could
define ¢ in a continuous way, but it is obvious that '/ (t) and ¢/ /4 (t)
are not nondecreasing for any a > 0.

In the same way Keprta (1997) generalizes Chung’s and Hirsch’s integral
tests (again, we limit our presentation to one-dimensional case).



106 Stanislav KEPRTA

Theorem 2.2. Let i) € . Then
(2.2)

T /2 00
P{M(t) < 7 % i.0. ast — oo} = {? ace. as (1) {<

Corollary 2.2.

Mt 2 \1/2
litrgior.}f t1§2)1/)(t) = (867:(1/))> a.s.

Theorem 2.3. Let ) € . Then

1/2 00
(2.3) P{M*(t) < % i.0. ast— oo} = {0 acc. as Ji(¢) {< -

or, equivalently,

< o0

et = co.

P(t) = {OO a.s. acc. as jl(w){

Remark 2.2. An important property of the Zy and [J; integrals is that if
B > 0 and ¥ € ¥ then there exist 91,9 € ¥ such that ¥; < @ < )9,
both t1/8 /ap;(t) and t'/P4p;(t) are nondecreasing, i = 1,2, and Z4(1)), Za(t1),
Za(2) (Ta(), Ta(h1), Ta(w=2), respectively) are all convergent or all diver-
gent. Therefore, without loss of generality, we can prove the above theorems
only for 1 with both '/ (t) and t'/7 /4)(t) nondecreasing for, say, § = 2,
and the theorems remain true for all ¢ € V.
Define the first passage time process

ST (u,w) = inf{t > 0; W(t,w) =u} = inf{t >0; M+ (t,w) = u}.

{ST(u); u >0} is an inverse of {M T (t); t > 0}. If f is a positive increasing
function and g is its inverse then f € UUC(M ™) if and only if g € LLC(ST)
and f € LLC(M ™) if and only if g € UUC(S™). Since {S™(u); u > 0} is a
nondecreasing process with stationary, independent increments, it is easier
to work with {S*(u); u > 0} than to prove Theorems 2.1 and 2.3 directly,
see Keprta (1997) for details.

3. CAUCHY PROCESS

We will present theorems for the Cauchy process analogous to those men-
tioned above for the Brownian motion.
{C(¢¥); t > 0} is a (symmetric one-dimensional) Cauchy process defined
on a probability space (2, F,P) if
i) C:[0,00) x Q2 —R;
ii) C(0,w) = 0 for each w;
iii) C(t,-) is F-measurable for each t;
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iv) the increments are stationary, independent, C(t) 2 tC(1) and the

distribution of C(1) is given by
1 1
P{C(1) <z} = 3 + —arctanz.
T

v) C(-,w) is right-continuous and has finite left-hand side limits for al-
most all w.

The Cauchy process can be represented by two independent Brownian
motions. Take {WM(t); t > 0} and {W®@(t); t > 0} two independent
Brownian motions and let {S™*(u); u > 0} be the first passage time process
corresponding to WM (¢). Then C(t) = W@ (S*(t)), t > 0, is a standard
Cauchy process. The Cauchy process is neighbourhood recurrent but not

point recurrent.
Define

Ct(t)= sup C(s), t>0, C(t)=— inf C(s), t=>0,

0<s<t 0<s<t

C*(t) = sup |C(s)| =max[CT(t),C ()], t=>0.

0<s<t

Since {C(t); t > 0} z {=C(t); t >0}, also {CF(t); t >0} D {C(t); t>
0}. We will study lim sup and lim inf behaviour of these processes as t — oo.

4. LIMSUP BEHAVIOUR OF C

Bertoin (1996) Theorem 5, p. 222, gives a general theorem for stable pro-
cesses (see also Fristedt (1974)). We slightly enlarge the class of the weight
functions and state the theorem for the Cauchy process specifically.
Theorem 4.1. Let 1) € . Then

< 0

= Q.

(4.1)  P{C(t) > t3p(t) i.0. ast — oo} = {(1) acc. as Jl(w){

Corollary 4.1.

lim sup () = {O a.s. acc. as Ji1(¢) {< >

Remark 4.1. In the above theorem and corollary C(¢) can be replaced by
—C(t), |C(t)], CT(t), C(t), or C*(¢).

The following generalization of the Borel-Cantelli lemma will be used in
our proofs.
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Lemma 4.1. Let By, k = 1,..., be arbitrary events. If >, P(By) < oo,
then P(By, i.0.) = 0. If 3, P(By) = oo and
Z Z P(Bk N Bl)
lim inf 2211 — <C (C>1),
P(Bk))
k=1

then P(By, i.0.) > 1/C.

Proof of Theorem 4.1. Without loss of generality we may assume that ti(t)
is nondecreasing. Assume that J1(¢) < oo. Then 9(f) — oo as t — oo.
Denote

Ay, = {CF(t) > ta(t) for some t € [2F,2F+1)}
Since both C*(¢) and ti(t) are nondecreasing, we have

P(dy) < PICHEM) > 280(25)) = PACH(L) 2 Ju(29)} ~ oo
where a(x) ~ b(z) as * — L means that ¢ < liminf, .z a(z)/b(z) <
limsup,_,; a(z)/b(z) < ¢’ for some positive constants ¢ and ¢’. The last ap-
proximation follows from P{CT(1) > z} ~ P{C(1) > z} ~ 1/x for z — oc.
It is easy to show that for A > 1, J1(¢) < oo if and only if Y, 1/9(A\F) < cc.
Therefore ), P(Ar) < oo and the Borel-Cantelli lemma finishes the proof
of the convergent part.

Now assume that J7 (1)) = co. The case ¢(t) - oo as t — oo is obvious,
hence assume 9 (t) — oo as t — co. Define for a > 0

Aj = {C(2F) — C(2F) > 28 Ly (28 1) 4 a2F,|C(28)] < a2F).

Obviously Ay implies C(2F+1) > 2k +1y)(2++1) Using the independence and
stationarity of the increments and the scaling property, we have

P(Ay) = P{|C(1)| < a} P{C(1) > 29(2"*) + a}.
Therefore, P(Ay) ~ 1/1(2"1) and 3, P(Ay) = co. Moreover, for k # [,
P(Ax N A1) < P(Ap) P(4)/ (P{IC(1)] < a})*.

The Borel-Cantelli lemma and the zero-one law gives P(Ay, i.0.) = 1. This
finishes the proof of the theorem. O

5. LIMINF BEHAVIOUR OF |C|

Now we will slightly generalize Theorem 11.5 of Fristedt (1974) and state it
as a special case for the Cauchy process. This is similar to Spitzer’s theorem
for planar Brownian motion (see Spitzer (1958)).
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Theorem 5.1. Let ¢poexp € V. Then

<0

= 00,

(5.1) ligggf|C(t)\exp(w(t) logt) = {SO a.s. acc. as .70(1/1){

where
1

Jo(¥) = / t(t) logtdt'

Proof. Take A > 1 and put
Ay = {|C(t)| < h(t) for some t € [AF, A\FF1)},

where h(t) = exp(—1(t)logt). Then >, P(A)) converges or diverges ac-
cording as Jo() converges or diverges. For [ > k + 1 it is possible to show
that

P(Ar N A;) < CP(Ag) P(A),

for some positive constant C'. An application of the Borel-Cantelli lemma
finishes the proof. O

6. LIMINF BEHAVIOUR OF CT

We will prove the following theorem.
Theorem 6.1. Let ) € V. Then

(6.1) P {C"‘(t) < ?/12t(t) i.0. ast — oo} = {(1) acc. as jl(w){

or, equivalently,

t—o0

lim inf wz/ﬁ(t) = {OO a.s. acc. as J1(¢) {< >
t 0 00.

Put
TF(u) = inf{t > 0; C(t) > u}.
Then
{CF) <up ={T"(u) > t}
and {TT(u); u > 0} has similar properties as {ST(u); u > 0}, namely it
has nondecreasing paths and has stationary, independent increments, hence,

it is a subordinator (see Karatzas and Shreve (1988) for basic properties of
subordinators and Bertoin (1996) for integral tests for subordinators). Since

Ct(t)/t 24 C*(1) for each t > 0, we have TT(u)/u z T+(1) for each u > 0.
Since
P{CH(1) <o}~ VE, @ 04,



110 Stanislav KEPRTA
(see Darling (1956)), we have
1
P{TT(1)> -} ~+Vx, 2—0+.
x

Put
u=u(t) =1t/$(t)
and assume that u(¢) is strictly increasing. Then its inverse has a form
t=t(u) = ug?(u),
where £(u) = 9(t). It is not difficult to show that
J(Y) < 0 = J1(§) < 0.

Since in Theorem 6.1 it is possible to assume without loss of generality that
t/12(t) is strictly increasing, Theorem 6.1 is equivalent to
Theorem 6.2. Let £ € ¥. Then

< 0

= 00,

(6.2) P{T*(u) >u&(u) i.o. asu— oo} = {(1) acc. as J1(€) {
or, equivalently,

+
1imsupT—(u) = {O a.s. acc. as J1(§) {< >

Proof. We may assume without loss of generality that u&?(u) is strictly in-
creasing. Assume that J;(§) < co. This implies that £(u) — oo as u — .
Denote

Ay = {TH(u) > u&?(u) for some u € [27, 2F+1)}.
Since both TT(u) and u&?(u) are nondecreasing, we have
1
£(2%)
It is easy to show that for A > 1, J1(§) < o0 < >, 1/¢(\F) < .
Therefore ), P(A;) < co and by the Borel-Cantelli lemma P(Ay, i.0.) = 0.

Now assume that J1(§) = co. The case £(u) - oo as u — oo is obvious,
hence assume £(u) — 0o as u — oo. Define

A = {T*(2) > 2°¢2(2")}

P(Ap) < P{TH(2") > 252(2")} = P{TT(1) > 36°(2)} =

and

By, = {TH(2F) = TH(2" 1) > 2ke2(27)}.
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Obviously By C Ag. To show that P(Ay i.0.) = 1, it is sufficient to show
that P(By i.0.) = 1. Since By, k = 1,2..., are independent, it is enough to

show that >, P(By) = co. Since TT(2F) — T+(2~71) 2 T+(2k1), we have

1
P(By) = P{TH(2"71) 2 2"*(2")} = P{T (1) 2 2¢2(2")} = €25
the sum of which diverges. This finishes the proof of the theorem. O
7. LIMINF BEHAVIOUR OF C*

The following theorem characterizes the lower classes of {C*(¢); ¢ > 0}.
Theorem 7.1. Let ) € . Then
(7.1)

P{C*(t) < m t i.o. astHOO} = {(1) acc. as IQ(?/}){< o0

T 20 Y2() = oo,

where A\1 = 1.36 denotes the largest eigenvalue of the kernel

K(l‘,y) =

oo . .
Z sin(m arccos x) sin(m arccos y)

m
m=1

Remark 7.1. A function f and a number A is an eigenfunction and an

eigenvalue of a kernel K if Kf = Af, where the operator K is defined as
1

Kf= [, K(zy)f(z)dz.

Corollary 7.1.

9 T
t)=———  a.s

Proof. We may assume without loss of generality that t)%(t) and t/1%(¢) are

strictly increasing, and that 2 < 1?(t) < 2loglogt for all t. Let tq be an

initial value and define

lim inf C'(®)

t—o0 t

1 V7
tr 1=tk<1+ )Ztk )
* -1 -1

where ¢, = 9(t). Then Zr(1)) < oo if and only if >, exp(—43) < oo.

Let A1 > Ay > --- denote the eigenvalues and g;, 7 = 1,2,..., the cor-
responding eigenfunctions of the kernel K (z,y). Then (see Kac and Pollard
(1950))

72) G =r{EH <o} - iexp (~55) 20 [ soan

Since A; > Ag, the first term of the sum in (7.2) is dominant and we have

(7.3) G, (z) ~ exp (

2;)\1) forx - 0+.
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Assume that Z5 (1)) < co. Then () — oo as ¢ — oo. Denote

N T t
Ak{c (t)g Q—Mw2—('ﬁ) for some t € [tk,tk+1)}.
Since both C*(¢) and t/t?(t) are nondecreasing, we obtain

(7.4)

" T lgt1 } {C* (tr) T 1 tht1 }
P(AL) < PICH(tr) < — - =P < _ - .- Erd
(Ak) < { (k)_2>\1 W B 2M Ui

2 2 1
R exp <—1/’1%+1 %) = exp <—7wk+1(1;fg )>

2 2
< exp (M) ~ exp(—v7),
Yk

which sums. Therefore, by the Borel-Cantelli lemma, P(Ay i.0.) = 0, which
proves the convergent part of the theorem.

Now assume that Z(¢) = oo. The case 1(t) - oco as t — oo is obvious
and, therefore, assume that ¢(t) — oo as t — oo. Define K = {k; ¢} >
v+ %} and its complement K¢ =N — K. Now denote

S ook
n={cmz o)

and notice that
(7.5) P(Ar) ~ exp(—13).

We will use the Borel-Cantelli lemma to show that A, k € K¢, occur
infinitely often with probability one. Z5(1)) = oo implies that > o, P(A;) =

oo. Moreover, it is possible to show that ), . P(Ax) = oo.
Let k <1, k,l € K°. Now

y T 1
< ) < — .
P(Ak NA4) < P(Ak)P {C (tl tk) =9 1/Jl2 } ,

and, by (7.3), we have

(7.6) P(Ar N A;)) < Cexp(—17) exp <— IQtl ;tk> )
!

for some positive constant C' independent of k and [. For a fixed k,
t; — tg
a2 2
P(Ax N Ay) _ GXP( wk) exp < (0 t )
< (1
P(Ax) P(A) exp(—12) exp(—¢7)

t
= Cyexp (w?t—’;) \ O,
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for some positive constant Cy as | — oo, since 1?/t; \, 0 as | — 0.
Define Iy = lo(k) by

lozsup{l; >k, z/tht—k>1}.
l

Then for I > [y,

P(Ak N Al)
P(Ar) P(A)

We want to show that there is a constant Cs, independent of k, such that

S Cle.

l
0 P(Ak ﬂAl)
7.7 — 2 < (.
D l:;rl PlAy)  — 7
leKe

It is possible to show that for [ > k, [ € K¢,

P(Ak N Al)
P(Ag)

t
< Czexp (%2 l

)

(7.8) sy
<K/ 1 (2) exp(—€3(2)) dz,

where K is a universal constant and z = z(t) = t,0?(t)/t, z, = ty¥? /t;, and
£(z) = 9(t). Notice that t?(t) = t£*(2)/2 is nondecreasing as t increases,
ie., as z decreases.

Observe that £2(z) = ¢% and 2, > 1. From (7.8) we have

lo
Z (ﬁ?ﬂAl KZ/ %€ (2) exp(—€2(2)) dz

I=k+1 I=k+1
leKe leICC

< K/ —e*€2(2) exp(f§2(z)) dz
vi
< K/ ;ezwkﬁexp(—wkﬁ) dz
1
< 3K = 027
where we replaced £2(2) by /2, the smallest possible function satisfying

& (?) = ¢f and £2(z)/+/z is nonincreasing, and, since ze™® is decreasing
for > 1, made the integral as big as possible.
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Now it is easy to verify that

N N
S Y pen
k=1 1=1
lim inf *EX"lER — < (4 <0
N—o0
N
> P(Ay)
k=1
keK®
for some positive constant Cy, which, by the Borel-Cantelli lemma and zero-
one law finishes the proof of the divergent part of the theorem. [l
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