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Abstrakt: V c¢lanku se zabyvame jednoduchym nelinearnim regresnim mo-
delem, ktery mize byt vhodnou transformaci pfeveden na model linearni
v parametrech. Popisujeme dva problémy vznikajici pti této transformaci
a ukazujeme, jak je eliminovat pomoci vahové funkce. Doporucujeme opako-
vané pouziti vahové funkce, pricemz jeji vliv na kvalitu predikovanych hodnot
posuzujeme pomoci relativniho zlepseni rezidualniho souctu ¢tvercti. Pouziti
vahové funkce ilustrujeme na dvou prikladech z biologické praxe.

Abstract: In this paper we deal with a simple non-linear regression model,
which can be moved to a linear domain by a suitable transformation. We
describe two problems originating from this transformation and show how it is
eliminated by the weight function. We recommend to use the weight function
repeatedly. Effect of weight function is assessed by a relative improvement in
the residual sum of squares. The using of the weight function is illustrated
by two examples of biological practices.

1. Uvod

Uvazme regresni model s jednou vysvétlujici proménnou

Y:f(x;ﬁ()aﬁla"wﬁk)—i_ga

kde y = f (x; B0, B1,-- -, Br) je funkce nelinearni v parametrech g, 81, ..., Bk
a ¢ je ndhodna odchylka. Pofidime n dvojic pozorovani (z;,Y;),i=1,...,n
a predpokladame, zZe pro vSechna ¢ =1,...,n plati

YtL' :f(xi;507517"’76k)+6i7

pri¢emz &; ~ N(0,0’z) a C(ei,ej) = 0 pro i # j. Pokud mutzeme funkci y =
f (x;Bo, B1,- .., Bx) prevést vhodnou transformac¢ni funkci F' (y) na funkci

F(y) = Bofo(x) +Bifi(x) +...+ Brfi (),



ktera je linearni v parametrech 3, 51, ..., Bk, fikdme, Ze jde o linearizovatelny
regresni model.

Napf. funkce a) y = /Bo + B1x, b) y = Bo 37, ¢) y = m linearizujeme na
funkce a) y? = By + 1z, tj. F (y) =42, b) Iny =In By +1InBiz, tj. F (y) =Iny,
c) i = Bo + b1z, tj. F (y) = i Odhad parametra 3;, j =0,...,k, lze provést
metodou nejmensich ¢tvercit:

B=bO=(p® @ . @) o (xT.x)" X" F(Y),
kde
fo(z1)  fi(z1) - fr(x1)
X = fO(.x2) fi (372) SR 2 (332)
folen) fi(ea) — fiulen)
a F(Y)=( F(Y1) F(Y2) - F(Y,) )T. Rezidualni soucet ¢tvercit Sy
pro nelinearni funkci y = f (z; 5o, B1,- - -, Bk ) je pak roven

so= 3 (vi-70),

1=1

kde @(0) = f(xi;b(()o),bgo),_,_,blio)), i=1,...,n.

2. Problémy pfi linearizaci a jejich eliminace

Pfi pouziti transformac¢ni funkce F' (y) dojde k poruseni normality nédhod-
nych odchylek ¢4,...,¢, a k poruseni homogenity jejich rozptyli. Abychom
tyto problémy aspon c¢astecné eliminovali, aplikujeme na linearizovanou re-
gresni funkci vdhovou funkci w (y), kterd se vyjadii pomoci vzorce w (y) =

[M

-2
T ] . Pro funkce z bodu a), b), ¢) dostavame vahové funkce tvaru:

=
a) w(y) = (%) = (2y)_2, protoze konstantu lze zanedbat,
tak w (y) = y%;

b) w(y) = (f—ylny)_2 =%

¢) w(y)= (4 )_2 =y

<Q [



P1i pouziti vdhové funkce ziskdme odhad neznamych regresnich parametrt
vazenou metodou nejmensich ¢tvercii:

B=bM=(p p B ) = (xTw-X) - XT W F(Y),

kde diagonalni matice W ma prvky wg) = w (yi(o)). Vypocteme rezidualni

soucet Ctvercl S s opravenymi odhady parametri §;, j =0,...,k, tedy
n 2
si= (i-7")
i=1

kde @(1) = f(xi;bél),bgl), e ,b,(cl)). Mnohdy zjistime, ze hodnota rezidual-
niho souctu ¢tverci s pouzitim vahové funkce poklesla, tzn. S; < Sy. Iteracnim
zpusobem budeme pokracovat:

B=b" = (o0 0 ) (xTowx) " XT W F(Y),
O _ (3D, S, =3 (vi-7 ™Y,
’U}“ w<y’b ) ;( yz )

kde ’y}(r) = f(:z:i;bér),bgr),...,b,(:)), pricemz zjistime, zZe rezidualni soucty
¢tverca S, r=0,1,2,...,t, vcelku rychle konverguji k nejmensi hodnoté S;.
Vliv vahové funkce posuzujeme pomoci podilu RI, = 2—3100 %, r = 0,1,
2,...,t, ktery nazveme relativni zlepseni rezidualniho souctu ¢tvercti.

Vedle bodového odhadu regresnich parametri je samoziejmé dilezity téz
intervalovy odhad (v nasem piipadé pouze pfiblizny, nebot presny nelze
urcit), pii jehoz stanoveni potiebujeme znat odhad rozptylu ndhodnych od-
chylek. Ten je pro posledni iteraci ddn vzorcem s? = n_S];_l (a pro Levenbergo-

vu-Marquardtovu nelinearni metodu odhadu regresnich parametrii vzorcem

§2 = nif_l, viz dale).
Pfi konstrukcei pfiblizného 100(1-«)% intervalu spolehlivosti pro regresni
parametr 3;, j = 0,1,...,k, vychazime ze simulace zaloZené na znalosti od-

hadu rozptylu ndhodnych odchylek s? resp. s% a znalosti regresniho parame-
tru B;, za né€jz pro ucely simulace povazujeme vysledek nelinearni metody.
Vzhledem k tomu, Ze tento interval nemusi byt pfi pouziti vahové funkce
(¢i nelinearni metody) symetricky kolem bodového odhadu, hleddme pomoci
simulaci zvlas$t jeho dolni a horni mez, pfi¢emz se pri simulacich pouzivé
riziko 3.



3. Tlustrace pouziti vahové funkce

Na dvou prikladech z biologické praxe ukazeme, jaky vliv ma opakované
pouziti vdhové funkce na linearizovatelny regresni model.

Priklad 1: Mnozeni bakterii v tekutém prostredi

Byl sledovan pocet bakterii (zdvisle proménna veli¢ina y, v tisicich v krych-
lovém centimetru) v zavislosti na ¢ase (nezavisle proménna veli¢ina x, v ho-
dinéch):

z 25] 28 | 54 65 | 92 | 95 | 11 | 13,3 | 146 | 16,4
y 13,0316,213[13,91[19,305|27,037 | 27,381 49,845 | 55,069 | 55,453 | 75,043

Je znadmo, ze zavislost poctu bakterii na case lze popsat modelem y =
exp (8o + f1x). Odhadnéte parametry modelu bez vahové funkce a poté s va-
hovou funkci (itera¢nim postupem) a dosazené vysledky porovnejte. Zjistéte,
za jak dlouho dojde ke zdvojnasobeni poctu bakterii pri pouziti modelu bez
vahové funkce a toho modelu s vahovou funkci, ktery je nejkvalitnéjsi z hle-
diska relativniho zlepSeni rezidualniho souctu ¢tverct.

Reseni: Nejprve ziskdme visledky bez pouziti vahové funkce. Model li-
nearizujeme: Iny = By + f1x. Metodou nejmensich ¢tverct ziskame odhady
bg = 1,273 a by = 0,205 regresnich parametrt 5y, 81. Rezidualni soucet ¢tverct
je Sop =1272.

Odhad poc¢tu bakterii v okamziku zo = 0 je Ny = exp (by) = exp (1,273).
Ke zdvojnasobeni poctu bakterii dojde v okamziku x5, tedy

2Ng = Noexp (b1z2) = In2 = byxs

In2 _ In2
by 0,205

= T2 =

=3,38h =3h 23 min.

Nyni pouzijeme vdhovou funkci w (y) = y?. Vazenou metodou nejmensich
¢tverci ziskdme odhady bél) = 2,123 a bgl) = 0,135 regresnich parametrta
Bo, B1. Rezidualni soucet ¢tvercu je S1 = 346,375. Relativni zlepSeni rezidual-

nfho souctu &verch ¢ini Ry = 21100 % = 25100 % = 27,23 %.

Pti druhém pouziti vahové funkce dostaneme b(()z) = 1,874, 652) = 0,152,
Sy = 352,708, tedy RIy = 2100% = 535°100% = 27,74 %. Vidime, Ze
vysledek je nepatrné horsi nez pti 1. iteraci. 3. iterace poskytne hodnoty:

b$” = 1,946, 0¥ = 0,147, S5 = 340,55, tedy RI3 = £2100% = 22922100 % =
26,78 %.




Pri dalsich iteracich uz dochézi ke zvétsovani rezidualniho souctu c¢tverci.
3. iteraci budeme tudiz povazovat za konec¢nou. Ke zdvojnasobeni poctu bak-
terii dojde v okamziku
In2 In2
p(3 0,147

To = =4,72h =4h 43 min.

Na obrazku 1 vidime data s prolozenymi exponencidlami pro model bez va-
hové funkce, pfi prvnim pouziti vahové funkce a pii tfetim (tj. kone¢ném)
pouziti vahové funkce.

Predikce poctu bakterii
120

100 |

80

60t

pocet

40}

20+

200 o .y
0 2 4 6 8 10 12 14 16 18— bezyihy

----- 1. vaha
cas e vysledek

Obrazek 1: Data s prolozenymi exponencialami

Pro tuplnost jesté odhadneme regresni parametry Levenbergovou-Mar-
quardtovou metodou s pocatecnimi aproximacemi by = b; = 0,1. Po 10 ite-
racich dostaneme odhady by = 2,020 a b; = 0,143. Rezidualni soucet ¢tverct
je Sp = 335,08, tudi relativni zlepSeni ¢ini RI = ££100% = 2552100 % =

1272
_In2 _ 1In2

26,34 %. Ke zdvojnéasobeni po¢tu bakterii dojde v okamziku xo = b T 0.043
4,85h = 4h 51 min. Obrazek 2 ukazuje vysledky exponencidlniho modelu pfi
3. pouziti vahové funkce a pii Levenbergové-Marquardtové metodé.

Tabulka 1 obsahuje prehledné shrnuti vysledki pro exponencialni mo-
del bez pouziti vahové funkce, s 1., 2. a 3. pouzitim vahové funkce a pro
Levenbergovu-Marquardtovu metodu.

V tabulce 2 jsou uvedeny meze 95% pribliznych intervalt spolehlivosti
obou regresnich parametri, a to pro 3. pouziti vahové funkce a pro Leven-

bergovu-Marquardtovu metodu.
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Obrazek 2: Srovnani vysledkt pii 3. pouziti
vahové funkce a pfi L-M metodé

Tabulka 1: Shrnuti vysledki pro vSechny uvazované modely mnozeni bakterii

Model y = e?0*%1% | Bez vahy | 1. vaha | 2. vdha | 3. vdha |L-M metoda
Odhad by 1,273 2,123 1,874 1,946 2,020
Odhad b, 0,205 0,135 0,152 0,147 0,143
Rez. soucet ¢tvercli| 1272 346,38 | 352,71 340,55 335,08
Rel. zlepseni (%) 100 27,24 27,74 26,78 26,34
Odhad Ny 3,57 8,36 6,51 7,54
Cas x5 3h 23min | 5h 8min | 4h 34min | 4h 43min | 4h51min
Tabulka 2: Meze 95% pribliznych intervalu
spolehlivosti pro regresni parametry
Paramets 3. vaha L-M metoda
dolni mez | horni mez | dolni mez | horni mez
Bo 1,238 2,456 1,445 2,490
51 0,110 0,194 0,108 0,182




Priklad 2: Hynuti bakterii v tekutém prostredi
A% 2ivném roztoku jsou péstovany bakterie a zjiét’ovén jejich poéet Po pfidéni

vvvvvv

dan hyperbolickym modelem 2. stupné y = kde y je pocet bakterii

Bo +51$2 ’
(v tisicich v krychlovém centimetru roztoku) za = hodin po pridani antibio-

tika:

x| 005107 1 |1,3|1,5] 2 |25 3 [35]|4 45| 5 |55 6
y [51,3(31,74| 23 [15,99| 8 |4,81(4,25|2,19|0,25(2,23/0,2|1,19/0,18|0,31|0,25

Odhadnéte parametry modelu bez vahové funkce a poté s vahovou funkci
(itera¢nim postupem) a dosazené vysledky porovnejte. Zjistéte, za jak dlouho
dojde k poklesu poc¢tu bakterii na polovinu pri pouziti modelu bez vahové
funkce a toho modelu s vdhovou funkci, ktery je nejkvalitnéjsi z hlediska
relativniho zlepseni rezidualniho soucétu c¢tverci.

Reseni: Nejdiive se budeme vénovat modelu bez pouziti vahové funkce.
Model linearizujeme: * = By + B122. Metodou nejmensich ¢tverct ziskame
odhady by = 0,197 a b1 = 0,129 regresnich parametri 3y, 51. Rezidualni soucet
¢tvercu je So = 3472,64.

Odhad poctu bakterii v okamziku x¢ = 0 je Ny = % =
poctu bakterii na polovinu dojde v okamziku x5, tedy

W129 . K poklesu

- — - = bo + bya2 = 2b
2 2y bo+byzz 0 2T

b 1
S ap=v/ 2 = 9 97:1,24h=1h14min.
by 0,129

Daéle se budeme vénovat modelu, v némz aplikujeme véhovou funkci w (y) =

y*. Pfi prvnim pouziti vahové funkce dostaneme odhady b(()l) =0,019 a bgl) =
0,048 regresnich parametrt 3y, 51.
Rezidualni soucet c¢tvercu je S = 21,48. Relativni zlepseni rezidualniho

sou¢tu tverct &inf RIy = 5100 % = 32;2424 100 % = 0,62 %.

Pri dalsich aplikacich vahové funkce jiz nedochazi ke zmenseni rezidual-
niho souc¢tu ¢tvercti. Prvni iterace je tedy hned vysledna. K poklesu poctu

bakterii na polovinu dojde v okamziku x5 = 4/ Z—(l) = 88}12 0,63 h = 38 min.

Odhadneme-li parametry Levenbergovou—Marquardtovou metodou (pocatec-
ni aproximace byly by = by = 0,1, probéhlo 7 iteraci), ziskdme vysledky: by =
0,019 a b; = 0,051.



Reziduélni soucet ¢tvercii je Sg = 19,07, tudiz relativni zlepseni ¢ini R =

g—’j100 % = 312’2024 100 % = 0,57 %. K poklesu poc¢tu bakterii na polovinu dojde

Ve 1 .
v okamziku x5 =4/ 2—(1) = % =0,61h = 37 min.

Na obrazku 3 jsou znazornéna nameérena data s prolozenymi hyperbolami
2. stupné pro model bez pouziti vahové funkce, s prvnim (a v tomto pii-
padé kone¢nym) pouzitim vahové funkce a pro Levenbergovu—Marquardtovu
metodu.
Predikce poctu bakterii
60 : : : : .
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Obrazek 3: Data s prolozenymi hyperbolami 2. stupné

Tabulka 3: Shrnuti vysledki pro vSechny
uvazované modely hynuti bakterii

Model y = m Bez véhy | 1. vaha | L-M metoda
Odhad by 1,197 0,019 0,019
Odhad b, 0,129 0,048 0,051
Rezidualni soucet ¢tverct | 3472,64 21,48 19,07
Relativni zlepseni (%) 100 0,62 0,57
Odhad Ny 5,08 52,63 52,63
Cas x4 1h 14min | 38 min 37 min




Tabulka 4: Meze 95% pfibliznych intervali
spolehlivosti pro regresni parametry

3. vaha L-M metoda
Parametr
dolni mez | horni mez | dolni mez | horni mez
Bo 0,018 0,169 0,018 0,020
51 -0,011 0,083 0,045 0,058

V tabulce 3 na predchozi strané vidime vysledky pro hyperbolicky model
2. stupné bez pouziti vahové funkce, s prvnim pouzitim vahové funkce a pro

Levenbergovu-Marquardtovu metodu.

Tabulka 4 obsahuje meze 95% piibliznych intervali spolehlivosti obou
regresnich parametri, a to pro 1. pouziti vahové funkce a pro Levenbergovu-
-Marquardtovu metodu. Z tabulky 4 je vidét, ze 95% priblizné intervaly spo-
lehlivosti parametrt Sy, 81 pro 1. vahu jsou prilis Siroké a navic je dolni mez
pro 3 zaporna, coz pro vétsi hodnoty nezavisle proménné vede k zapornym

hodnotam poctu bakterii.

Zavér

1. Vahova funkce ma v tradé pripada velky vliv na odhady parametri
linearizovatelného regresniho modelu.

2. Prvni pouziti vahové funkce nemusi vysledky zlepsSit, doporucuje se

pouziti iterac¢niho postupu.

3. Vysledky itera¢niho postupu pro bodové odhady jsou srovnatelné s vy-
sledky Levenbergovy-Marquardtovy metody, odpadaji vSak problémy

s pocatecnimi aproximacemi parametri a s konvergenci metody.

4. Nevyhodou vazené metody nejmensich ¢tverci je skutecnost, ze neni
primo implementovana v nékterych profesionalnich statistickych systé-
mech, napf. ve STATISTICE, kde ji vSak lze pro né€které specialni pripady

najit v modulu GLM.
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Abstrakt: Prispévek se zabyva popisem a srovnanim vybranych algoritmu
pro shlukovani ve velkych datovych souborech. Spole¢nym rysem sledovanych
algoritmil je snaha o pokles ¢asové naroc¢nosti shlukovani snizovanim poctu
prichodii celym datovym souborem a dale pouzitim riznych zptisobt vzorko-
vani. V nékterych pripadech je vzorkovani provedeno jednoradzovym priicho-
dem datového souboru, pfi némz jsou konstruovany stromy rdznych typt
(R*-stromy, CF-stromy). Pomoci takto vzniklych stromu je vytvofen sou-
bor reprezentujici strukturu ptivodniho datového souboru, ovsem s mnohem
mensim poctem objektl. V jinych pripadech je vzorek dat vybran nahodné.
Vlastni shlukovani jiz probih& pouze v ramci tohoto vybérového souboru.
V dalsim postupu jsou vytvorené shluky modifikovany v rédmci jednoho ¢i
nékolika malo prichodd pivodnim souborem.

Klic¢ova slova: Shlukovani, velky soubor dat, ¢as zpracovani, vzorkovani, stromy.

Abstract: This paper deals with the description and the comparison of se-
lected algorithms for clustering large datasets. A common feature of the ob-
served algorithms is attempting to decrease the time-consuming process of
clustering by reducing the number of passages through the data file and by
using different sampling methods. In some cases, sampling is done by means
of one-time passage of a data file in which there are constructed trees of
various types (R*-trees, CF-trees). By application of the resulting tree, a file
representing the structure of the original data file is created, but with a much
smaller number of objects. In other cases, the data sample is chosen at ran-
dom. Custom clustering has already taken place only within this sample file.
When further steps are created clusters are modified within one or a few
passages through the original file.

Keywords: Clustering, Large Data Set, Processing Time, Sampling, Trees.

1. Introduction

Clustering is an important technique for detecting the data structure. It deals
mainly with the similarities of data objects. The set of data objects is divided
into several groups (clusters), so that objects within the individual clusters as
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well as those of different clusters were as similar as possible. With established
clusters, we can better investigate the structure of the data and can then work
with each cluster as an individual object.

It is often necessary to process very large data files when analyzing data.
The processing of such files is often very difficult, because at first it is a time-
consuming process, but also due to the fact that the data file does not fit into
memory. The size of the data file is discussed from two different viewpoints.
The first viewpoint is the number of variables that we examine for each
object. Another viewpoint for determining the size of the data file is the
number of data objects. The time-consuming problem is solved by various
authors significantly differently, ranging from algorithmically minor, almost
cosmetic changes, to some more fundamental changes. Another approach to
the process may be variety in the sampling method, in which a representative
part is selected from the entire file. This sub-file contains only the amount
of objects that can be clustered within a reasonable time. At first, a set of
clusters is created in the selected subset of objects, and then assigned to the
remaining objects within the already formed clusters.

Another approach is to attempt to minimize the data passed through the
file. This article will discuss both of these approaches. They will be described
as selected algorithms using trees for sampling, such as CLARANS for large
data files (Clustering Large Application based on Randomized Search), or
BIRCH (Balanced Iterative Reducing and Clustering using Hierarchies). Sec-
ondly, two algorithms will be described that do not use the trees for sampling,
such as the BIRCH k-means or FEKM (Fast and Exact K-Means).

2. Algorithm CLARANS (for large files)

One of the algorithms for the clustering of large data sets is the algorithm

called CLARANS (Clustering Large Application based on Randomized Search)
described in [1]. The basis of this algorithm is the method known as k-medoids.
The algorithm CLARANS solves the problem of the clustering of a data file

for a predetermined number of clusters k£ and for a defined measure of dis-

tance between two objects. The algorithm searches for a set of selected objects

(called medoids) so that the average distance for all objects of the investiga-

tion files from their closest medoid is minimal. Thus we can maintain that

the medoid is the representative object of the cluster whose average distance

to all the objects in the cluster is minimal. This means that the medoid rep-

resents some sort of “center” of its cluster. Medoids are similar to means or

centroids. The output of an algorithm is a set of k clusters that minimizes

the sum of the distances of the objects to their nearest medoid.

11



CLARANS requires two parameters. The first parameter “pl” specifies
the number of locally optimal clusterings to be considered and the second
parameter “p2” that of the number of exchanges between one medoid and
one non-medoid to be tried in order to control the heuristic search strategy.
The authors suggest the setting of the value of pl to 2 and to set the value
of p2 to max{1.25 x k(n - k);250}, whereby k is the number of clusters and
n is number of objects. The steps of the algorithm are as follows:

1. To create randomly an initial set of £ medoids, in order to calculate the
average distance of all objects to their closest medoid;

2. to select randomly one of the k¥ medoids and one of the (n — k) non-
medoids;

3. to delete the selected medoid from the set of all medoids and replace it
with the selected non-medoid object, in order to calculate the difference
in the average distance implied by exchanging the two selected objects;

4. if the difference is less than 0, to exchange the selected medoid and
non-medoid;

5. if the number of exchanges is less than parameter p2, to move to step 2;
6. to calculate the average distance within the current clustering;

7. if this distance is less than the distance in the best clustering, to specify
the current clustering as the best clustering;

8. if the number of selections of the £ medoids is less than the parameter
p2, move to step 1.

The most problematic part of the algorithm (from the point of view of
efficiency for large data sets) is to evaluate the improvement of the average
distance. In the algorithm concerning large spatial databases, this problem
is solved in that a relatively small number of representatives from the file
and process of algorithm CLARANS is applied only to those representatives.
This sampling method is used in database systems, which are described by
the R*-trees (the term will be explained at a later state). The R*-tree is
created out of all the objects within the examined set.

The algorithm selects an appropriate number of representatives (depend-
ing on the file size and on the desired number of clusters) by using this tree.
Then, the algorithm CLARANS is used to find k¥ medoids from the repre-
sentative file. Finally, the algorithm assigns all individual data objects to
medoids and thereby creates the desired clusters.
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R*-trees are a variant of R-trees. Both R-trees and R*-trees are data
structures used for the indexing spatial information. The records in the leaf
nodes of the tree contain pointers to data objects representing spatial objects.
Each node is a multidimensional rectangle that contains all the multidimen-
sional rectangles belonging to the child nodes. Some individual rectangles
may overlap. The main difference between R-trees and R*-trees is the algo-
rithm insertion into and deletion of objects from tree structures. Examples
of R-tree respective R*-tree are shown in Figures 1, 2 and 3. A more detailed
description is in [4] or [6].

The advantages of this algorithm include the fact that it can be used not
only for clustering objects for which it is possible to define the averages, but
also for objects for which the distance is defined as the degree of similarity
between two objects. The advantage is its robustness towards outliers, which
is a property of all k-medoids algorithms. A third positive feature of the
algorithm is its efficiency in processing the large data sets.

3. Algorithm BIRCH

Another method is the algorithm BIRCH (Balanced Iterative Reducing and
Clustering using Hierarchies). This algorithm has been described in [7] and [8].
The data are assigned to clusters when entering into the process. The algo-
rithm produces a CF-tree, into which are gradually entered data classifica-
tions. The role of the internal nodes of the CF-tree is to enable the discovery
of the correct node for the inclusion of new objects. Each leaf node represents
the cluster.

CF-trees (see Figure 4) are highly balanced trees with two parameters.
The first parameter is the branching factor (F, L) and the second parameter
is the threshold P. Each internal node of the CF-tree contains the number
of child nodes maximum F|, each leaf node contains no more than L objects,
and the range (radius) of each node is less than the threshold P. It is obvious
that the size of the tree is a function of the threshold P. It is true that the
larger the value of the threshold P, the smaller the size of the tree and vice
versa. A similar argument applies to the branching factor. The CF-trees use
the so-called Clustering Feature CF. This characteristic is an ordered triple
CF = (N, LS, SS), whereby N is the number of data points in the cluster,
LS is the vector of sums of the coordinates of all data points in the cluster,
and SS is the vector of sums of the squares of the coordinates of data points.

The additivity theorem describes an important feature of this character-
istic, which says that the CF-characteristic of a cluster formed by the merger
of two disjoint clusters is equal to the sum of the CF-characteristics of the
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original clusters. The information contained in the CF-characteristics is suf-
ficient to calculate the centroids, the measure of the distance between two
clusters and the degree of the compactness of clusters, which are the charac-
teristics necessary for the formation of the tree.

As already noted, the CF-tree is built dynamically, whereby new objects
are gradually inserted. The insertion process begins in the root of the tree.
The branch leading to the child node closest to it is found. This will continue
until it reaches the leaf. We verify the validity threshold rules for the sub
cluster represented in this leaf. If this rule applies, we will include a new data
point into the cluster and adjust the relevant CF-characteristics of the leaf
and the CF-characteristics of the nodes on the path from the leaf to the root of
the CF-tree. If the threshold for the inclusion of a new object does not apply,
we have to create a new cluster for this object (with an appropriate leaf).
Subsequently, it should recalculate all CF-characteristics (i.e. characteristics
pertaining to the nodes on the path from the leaf to the root of the tree).
When creating a new node comes into conflict with the branching factor (i.e.
the number of branches of some node is greater than F), respectively L), we
split the node, again with a recalculation of the CF-characteristics. Similarly,
the entire tree is rebuilt.

The creation of the CF-tree is the first phase of the algorithm BIRCH. The
second phase of this algorithm condenses the created CF-tree and optimizes
its size by adjusting the threshold value P. The third phase of the algorithm
BIRCH minimizes the impact of sensitivity on the order of the input data.
The algorithm clusters here the leaf nodes using a hierarchical algorithm.
The algorithm redistributes the reference points to their closest centres, and
obtains a new composition of clusters in the fourth, optional phase. This
phase enables the elimination of one of the negative consequences of the CF-
tree which occurs when one reference point formally entering at two different
times can be assigned to two different clusters. These two instances of the
object fall into a common cluster after redistribution. Unfortunately, it is the
second phase, in which it is necessary to examine the entire file again, object
by object.

4. Algorithm BIRCH k-means

The author of the book [5] describes the clustering method, which is a variant
of the algorithm k-means influenced by the BIRCH algorithm. The main
idea of this algorithm enhancing method is to divide objects into groups
prior to processing with the Lloyd’s classical algorithm. This pre-processing
is advantageous for work at a later date.
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The algorithm BIRCH k-means possesses two parameters — the first one
is the released number of objects in the cluster and the second is the maxi-
mum permitted value of the “cluster’s radius” (i.e. limits of variability). This
algorithm does not work with CF-trees as opposed to the classical algorithm
BIRCH. In addition to this, the CF-characteristic of the classical approach
is replaced by another equivalent indication. The information contained in
both the characteristics is sufficient to calculate the centre of any cluster,
such as the distance between two different clusters and the measure of the
compactness of clusters. This is the information, which is necessary and suffi-
cient for the implementation of the algorithm. An important feature of both
of the characteristics is the additivity theorem. The main characteristic of
the algorithm BIRCH k-means is the ordered triplet (m, ¢, ¢), whereby m
is the size of the cluster, ¢ the quality of the cluster (calculated as the sum
of the squared distances of all objects of a given cluster from the centre of
a cluster) and c the centre of the cluster. This characteristic is maintained
for each cluster.

The algorithm operates in three phases. A set of objects includes all moni-
tored objects whereby the set of clusters is empty at the beginning of the first
phase. Thereafter in the cycle, an object from a set of objects is selected and
the algorithm endeavours to find the “nearest” cluster of the set of clusters in
which the addition of an object is not limited by the number of elements in
a cluster or by variants in the cluster. If such a cluster does not exist, a new
cluster is created for this object. This cluster contains only this object. The
object is deleted from the set of all objects after the inclusion of the object
into the cluster. The cycle is performed until ultimately the set of objects is
empty. In the second phase, the algorithm clusters the centres of all clusters
that were created in the initial phase. This clustering can be done using any
clustering method. The authors have used a special variant of the quadratic
method k-means in [5].

The original objects are all classified into clusters in the third phase. Each
of the objects is assigned to the nearest centre, which results from the second
phase. This phase is the final phase in [5].

In our experiments, however, we added a fourth phase. The division into
clusters formed in first three phases was taken to form the initial cluster-
ing. The classical Lloyd’s algorithm followed. The results of clustering were
significantly improved. However, the increase in the computation time is the
disadvantage of this modification.
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5. Algorithm FEKM

The algorithm FEKM (Fast and Exact K-Means) is described in [2]. It is one
of the variants of the algorithm k-means enabling the processing of very large
data sets that do not otherwise fit into memory. The efficiency of this variant
has been improved by minimizing the number of passes through the data file.
The main idea of the algorithm is the initial creation of an appropriately large
sample from the original data set. The clusters are created in this sampling
set using the classical algorithm k-means. All centres and their descriptive
statistics are recorded in each iteration of this clustering of the sample set. All
of these centres and their statistics are used to calculate the target clustering.
This clustering of a whole set is created with a minimum of passage within
the entire data file.

The input of the algorithm is a data file which is necessary for the cluster,
the initialization centres and stopping criterion as in the classical algorithm
k-means. The output is partitioned into target clusters.

First of all, a random sample data set is created. The algorithm clusters
the sample set employing the classical methods k-means in the first phase.
All centres and their descriptive statistics are recorded in each iteration. In
the second phase, the algorithm goes through the entire data set. For each
data object and each iteration from the first phase, a centre is established
that is nearest to this object. This assigns the data object into a cluster.
The target of the second phase is to identify all objects that are suspected of
altering the resulting clustering of the whole file as opposed to a clustering of
the sample file. This problem mainly refers to objects that lie on the outskirts
of clusters. It is obvious that objects deep inside the clusters are from this
perspective, unproblematic. The already identified as suspicious points are
saved. If the object is not identified as a suspect peripheral point, we can
assume that the object would be assigned by the clustering of the whole set
to the same cluster to which it is now assigned as an additional assignment.
The characteristics of this cluster are recalculated in this case. In the third
phase, the algorithm deals with some suspect peripheral objects which were
stored by the previous phase. The algorithm recalculates the centres of all
clusters. It works on the assumption that all suspicious objects were assigned
to the nearest centres. If there is a recalculated centre, which is more distant
from the original centre than the pre-specified critical value (i.e. radius of
confidence), the algorithm returns to the second phase and is re-passed to
the entire data file.

It is evident that the passage of just one entire data file can only occur
in an exceptionally good case. In the worst case scenario, the same number
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of passes as in the classical algorithm k-means is essential. The authors rec-
ommend that the number of suspected peripheral points should not exceed
20 % of the size of the entire data set. In addition, these points should fit
into memory. If a violation of any of these conditions has occurred in the
course of the run of the algorithm, it is necessary to reduce the appropriate
parameter algorithm, and hence to establish a different radius of confidence,
which will inevitably result in a reduction in the number of suspect peripheral
points. The authors have demonstrated the accuracy and effectiveness of the
proposed algorithm in their paper [3].

6. The results of the experiments

Individual algorithms were programmed in the MATLAB system. The be-
haviour of the algorithms was verified in several data sets. The IRIS file with
real data (see [9]) is one of them. Generated data sets were also employed.
The significant disadvantage of most of the algorithms was the depen-
dency on the input parameters. In addition, there is no recommendation for
a suitable choice of these parameters in some algorithms (notably both al-
gorithms BIRCH). They can be estimated only with a thorough knowledge
of the structure of the processed data, which is contrary to the main target
of the clustering, i.e., the identification of the data structure. The algorithm
CLARANS achieved the best results in this regard. Its authors have proposed
some recommended parameter values. Moreover, small deviations in the val-
ues of the parameters do not affect the results of clustering very much.
Another disadvantage of the majority of these algorithms is that it pro-
vides worse quality sampling clustering. The quality of clustering of both
algorithms BIRCH after proceeding through all the phases described by the
authors of the algorithms was by far the worst. The quality of clustering can
be (easily) improved by adding of a phase in which we would run a few itera-
tions of the classical algorithm k-means. We found that two to four iterations
were sufficient to add, after which the resulting clustering quality improved
significantly. It was outperforming many other comparative algorithms. Un-
fortunately, this quality improvement is at the expense of the processing
time. The resulting quality of the clustering algorithm FEKM was highly de-
pendent on the generated sample file (from very poor to excellent quality).
The CLARANS algorithm achieved average quality in most attempts. The
quality of the resulting clustering in this case was obviously better if higher
parameters of the algorithm were chosen. The algorithm FEKM has revealed
one more particular disadvantage. Its authors declared a small number of
passages through the whole file required to run the algorithm. This claim
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was confirmed only in exceptional cases. The number of passages is strongly
dependent on the initial selection of sample data. Only the algorithm FEKM
creates sample data randomly. Other referred to algorithms that create sam-
ples with the help of certain data structures (trees). The resulting sample thus
gives a better picture of the distribution thereof. It seems that the algorithm
FEKM would be appropriate to combine with any of the other referred to
algorithms to achieve better results. This might be a subject for some further
investigation.
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Abstrakt: Clanek se pokousi reagovat na nespravnou interpretaci p-hodnoty
jako na pravdépodobnost nulové hypotézy. Ukazuje, ze podobnou interpretaci
neda ani bayesovsky model.

Abstract: The paper is a respond to the incorrect interpretation of p-value
as the probability of the null hypothesis. It shows that even a simple Bayesian
model does not lead to a similar interpretation.

1. Uvod

Nedéavno se mi dostala do rukou kniha Flegr [4]. Vénoval mi ji sdm autor, pro-
fesor biologie. V knize je velice casto feC o statistice. Jsou tu uzite¢né postiehy
o pouziti statistiky, jsou tu bohuzel také nékteré mirné receno nepresnosti.
Vérim, ze v pripadném dalsim vydani bude jejich vyskyt 1idsi, nebudou-
li dokonce zcela vymyceny. Tim hlavnim bludem je opakovana interpretace
p-hodnoty jako pravdépodobnosti pravdivosti nulové hypotézy. Diskuse, ktera
se nasledné rozvinula mezi moji malickosti a objevitelem podivuhodnych na-
sledktl toxoplasmozy, mne privedla k napsani nasledujicich radk.

Nejsem jisté prvni, kdo na ten problém narazil. Jak interpretovat pojem,
kterému kolega Havranek [5, str. 104] fikal dosaZend hladina vyznamnosti,
ktery ale témér vSichni oznacuji jako p-hodnotu. Podobné tiislovné oznaceni
(dosazena hladina testu) lze najit i v moderni ucebnici Andél [1, str. 72],
v niz jsou uvedeny také anglické ekvivalenty P-value a significance level.

Podle prehledového ¢lanku [3] se v anglicky psané literatufe tento po-
jem vyskytl prvné jako P value v knize [2]. Dalsimi pouzivanymi anglickymi
oznacenimi jsou podle zminéného ¢lanku probability level, sample level of sig-
nificance, observed significance level, significance probability, descriptive level
of significance, critical level, significance level, prob-value, associated proba-
bility. O p-hodnoté, predevsim o interpretaci tohoto pojmu, existuje rozsahla
literatura, kterou jsem samoziejméeé nedokazal celou prostudovat. Nicméné
uvedu aspon néco malo.

Nechci probirat rozdil v chapani statistického rozhodovani mezi R.A.
Fisherem a pojetim Neymana a Pearsona, natoz abych Sel do hloubky v pri-
padnych bayesovskych tvahach. Sdm ve své praci a zejména v tom, jak se
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snazim néco naroubovat do hlav studentil, se pridrzuji spise Neymannova
a Pearsonova statistického rozhodovani.

2. Jednoducha predstava

V nejjednodussim piipadé mame dvojici hypotéz (nulovou a alternativni)
charakterizovanych dvojici hodnot 6y a 6;. Rozhodujeme pomoci néjaké sta-
tistiky 71" se spojitym rozdélenim, ktera podle toho, ktera z hypotéz plati, ma
rozdéleni s distribuéni funkei F;(t), resp. s hustotou f;(¢),j =0, 1. Pro danou
hladinu vyznamnosti « je kriticky obor dan nerovnosti T' > ¢, pricemz kritic-
kou hodnotu t,, uréuje pozadavek P(T < t,|Hy) = Fo(ta) = 1—a. Alternativni
vyjadieni kritického oboru je ddno nerovnosti p < a, kde p = p(t) = P(T >
t|Hog) =1 - Fy(t) a t je hodnota statistiky 7' realizovand v daném pokusu.

Pravdépodobnost jsem tu zapsal ponékud nediisledné jako podminénou
pravdépodobnost, prestoze nulovou hypotézu, resp. jeji pravdivost za na-
hodny jev nepovazuji. Jak znamo (viz napiiklad Andél [1, Véta 1.4]), za
platnosti nulové hypotézy ma p-hodnota rovnomérné rozdéleni R(0,1). Proto
1ze kriticky obor zapsat jako W = {t : p(t) < a} a p-hodnotu neni tieba néjak
interpretovat.

Jenze v aplikacich se bez interpretace neobejdeme. Vysvétleni, ze p-hod-
nota je vlastné za platnosti nulové hypotézy spocitana pravdépodobnost toho,
ze pokus mohl dopadnout pro nulovou hypotézu jesté hir, pripada zakazni-
kiim ponékud komplikované. Samotna p-hodnota pfimo vypovida o vysledku
pokusu, resp. o vztahu vysledku pokusu k nulové hypotéze a nikoliv o samotné
hypotéze, kterd zajima zdkaznika mnohem vic.

Pokusme se nad predstavou, ze p-hodnota je pravdépodobnost nulové hy-
potézy, trochu zamyslet. Abychom mohli o takové pravdépodobnosti néco
tvrdit, musime pripustit, ze nulova hypotéza je ndhodny jev. Do jisté miry
bude inspiraci ¢lanek Sellke et al. [7], zejména jeho puvodni verze Sellke et
al. [6]. Ve zminované ptvodni verzi se autofi pomoci simulaci snazi odhadnout
podminénou pravdépodobnost P( Hy|p ~ «), kde ptibliznost chdpou v piipadé
a = 0,05 tak, Ze ma byt p € (0,0455;0,0500).

3. Aposteriorni pravdépodobnost nulové hypotézy

Jednou ze situaci uvazovanych v Sellke et al. [6] je model, kdy se pfedpo-
klada pouze jednoducha alternativni hypotéza. V nasledujicim se pokusime
bez simulaci o vypocet aposteriorni pravdépodobnosti nulové hypotézy za
podminky, Ze p-hodnota je blizka ¢islu .
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Necht O(a) = (o — e, + €) je malé okoli hladiny «. Ozna¢me apriorni
pravdépodobnost nulové hypotézy jako my = P(Hy). Pak pro H;,j = 0,1,
a odpovidajici malé £* muzeme psat

P(peO(a)lH;)) =P(to —c* <t <ty +e*|H;)
= 28*]0]' (ta).
Pouzijeme-li nyni Bayestv vzorec, dostaneme
P O(a)|Hy) P(H
P(Ho\pEO(oz)): (p € O(a)|Ho) P(Ho)
P(p e O(a)|Ho) P(Ho) +P(p e O(a)|Hy) P(Hy)
- 27T0€*f0(ta)
2moe* fo(ta) +2(1 = mo)e* f1(ta)
fo(ta)mo
(1)

" folta)mo + fi(ta)(1-m0)

P(Hol*)

Obrézek 1: Zavislost P (Holp € O(a)) (—), resp.
P(Ho|W)(- - -) na alternativé § pfi mg = 0,5

V citovaném c¢lanku Sellke et al. [7] autofi zduraznuji, ze v zadném pti-
padé neklesla pravdépodobnost nulové hypotézy pii a = 0,05 pod 22 %. Tomu
odpovida i nasledujici priklad.

Uvazujme podobné jako autori konkrétni situaci, kdy na zékladé n neza-
vislych ndhodnych veli¢in Xq,...,X,, s rozdélenim N(G, 02) testujeme hypo-
tézu Hp : 0 = 0 proti jednostranné alternativé Hy : 0 = 9, kde je 6 > 0. Ve zmi-
néném élanku pracovali autofi s alternativou oboustrannou. Rozptyl o2 > 0 je
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znaméa konstanta. Statistika T’ = \/n X /o zaloZen4 na vybérovém priméru X
mé rozdélenf N(y/nf/,1). Proto je v nasi konkrétni situaci t, = 71 (1 - ),
kde ®!(u) je kvantilova funkce N(0,1).

Nyni vySetiime, pri které stredni hodnoté za alternativy bude podminéna
pravdépodobnost P (HO Ip € O(a)) minimalni. Z (1) plyne, Ze to bude pro ta-
kové ¢, pro které je hustota statistiky 1" v tomto kritickém bodé za platnosti
alternativy, totiz fl(q)"l(l — a)), jako funkce § maximalni. K tomu musi byt
stfedni hodnota T rovna kritické hodnoté ® (1 — ). Podminén4 pravdépo-
dobnost P (Ho|p € O(«)) bude tedy minimélni pro § = ®7'(1 - a)o/\/n. Pii
o=1an=20 je to pro d =0,368 a minimum P (H0|p € O(a)) je pak rovno

@(toz)WO
(ta)mo +p(0)(1-m)’ (2)

kde (%) je hustota N(0,1). Pfi mp = 0,5 je minimum rovno zhruba hodnoté
0,205, jak je také patrné z obrazku 1. Dosli jsme tak k podobné hodnoté
jako autori Sellke et al. [7], u nich v simula¢nim pokusu pifi oboustranné
alternativé a ponékud jinak urcené podmince vychazela dolni mez 0,23.

Uvedené hodnoty ovSem silné€ zavisi na apriorni pravdépodobnosti nulové
hypotézy. Zavislost na my pro minimalni aposteriorni pravdépodobnost nulové
hypotézy za podminky, ze p € O(«), je patrna z obrazku 2.

4. Jina podminka

Pokusme se o ponékud jinou tvahu. Misto podminky p € O(«) pouZijme
podminku p € W, kde kriticky obor W je urcen nerovnosti p < a. Nulové
hypotéze pritadime néjakou apriorni pravdépodobnost my a budeme hledat
aposteriorni pravdépodobnost nulové hypotézy za podminky, Ze jsme nulovou
hypotézu na zvolené hladiné zamitli. Opét budeme predpokladat, ze 6y = 0
a 01 = 0. Hladinu vyznamnosti oznac¢ime obligatnim «, silu testu, ktera zavisi

na 4, jako 1 - 3(9).

P(W|Hy) P(Hy)
P(W|Ho) P(Ho) + P(W|Hy) P(Hy)

amg + (1-B(3))(1 - o)

«

a+(1-8(0))(1 — 7o) /o

P(Ho|W) =
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Obrazek 2: Zavislost minimalni hodnoty
P (Ho Ip € O(a)) na apriorni pravdépodobnosti 7

Ukézku toho, jak aposteriorni pravdépodobnost P(Hy|W') zavisi na al-
ternativé 6 = ¢, najdeme na obrazku 1. Protoze je v nasem prikladu sila
testu rostouci funkci §, aposteriorni pravdépodobnost P(Hy|W') je klesajici
funkci parametru 6. Protoze je limgs_, oo (1 -p (5)) = 1, zminéna aposteriorni
pravdépodobnost konverguje k hodnoté

o+ (1 —7T0)/7T0.

Pro m9 = 0,5 a a = 0,05 je touto dolni mezi hodnota nepatrné mensi, nez «,
totiz zhruba 0,0476.

Vratme se k obecné apriorni pravdépodobnosti my. Pro kazdy nestranny
test, coz je i nad$ pripad, plati 1 - 5(9) > a. Kdyz pouZijeme tuto nerovnost
ve vztahu (3), dostaneme omezeni P(Hy|W) < my, takze aposteriorni prav-
dépodobnost, ze plati nulova hypotéza, v pripadé, ze jsme hypotézu zamitli,
nemize byt vétsi, nez jeji apriorni pravdépodobnost. Na druhé strané je vzdy
1-p5(0) <1 a velice hrubé také o < 1, takze hrubym dolnim odhadem pro
P(Ho|W) je amyp.
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5. Zavér?

Co mam poradit svym zakazniktim, jak oznacoval Josef Machek ,badaky*,
s nimiz statistiku provozujeme? Kde to je mozné, radéji pracovat s intervalem
spolehlivosti a zjednodusenému rozhodovani se vyhnout. Ne vzdy to je mozné
nebo aspon snadné. Ne vzdy je k disposici jednorozmérny parametr, jehoz
hodnota by urcovala nulovou hypotézu. Uz treba jednoduch& hypotéza chi-
kvadrat testu dobré shody urcuje cely vektor pravdépodobnosti. Tam bych
pouziti p-hodnoty omezil na jednoduchy popis kritického oboru.

Plati-li p < «, nulovou hypotézu zamitni, protoze data se prilis lisi od
hypotézou ocekdvanych hodnot. Aspon tak Spatnd data mohla za platnosti
testované hypotézy vyjit jen s pravdépodobnosti p. Jen si nejsem jist, nakolik
pochodim. Spis bych mél byt zvédav, s jakou tvorivou interpretaci se setkam
priste.
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Abstrakt: Clanek je vénovan hledani planu pokusu v tloze z praxe, ktera
vede na model s pevnymi i ndhodnymi efekty.

Abstract: The article is devoted to searching the design of experiment in
practical task, which is described by a model with fixed and random effects.

1. Zadani ulohy

Cilem pokusu je zjistit reakci na rtizné koncentrace jisté latky. K dispozici
je celkem M = 20 rtaznych koncentraci ristového regulatoru benzyladeninu
BA, kazda v P =5 ruznych naddobkach. Vedle toho mame po P =5 vzorcich
(fizcich) pofizenych vzdy na jednom z M = 20 raznych mist lodyhy. Je tieba
navrhnout zptisob jak rozmistit vzorky po jednom do kazdé nadobky tak,
aby test prokazujici zavislost néjaké mérené vlastnosti vzorku na koncentraci
mel maximalni moznou silu. Je treba prihlédnout k tomu, ze chovani vzorku
muze ovlivnit nejen koncentrace v dané nadobce, ale také misto na lodyze,
z néhoz byl vzorek odebran.

Lze predpokladat, ze v pétici nadobek se stejnou koncentraci opravdu je
stejnd a znama experimentatorem zvolena koncentrace. Pajde tedy o pevny
efekt.

Jinak je to s prislusnosti vzorku k mistu na lodyze. Vzorky z jednoho
mista maji stejné predpoklady k hodnoté cilové veli¢iny, vzorky z riznych
mist mohou mit tyto predpoklady nestejné, coz je ddno nejen napriklad jinou
vzdalenosti od kotfene (opét pevny efekt), ale také ptirozenou biologickou va-
riabilitou vlastnosti lodyhy. Tento posledni zdroj variability experimentator
neurcuje, dokonce jeho vliv ani nezna, nastavuje jej priroda. Proto prislusnost
k mistu na lodyze budeme chapat jako realizaci nahodného efektu.

Dosavadnim tvaham odpovida predstava, ze vyslednd hodnota odezvy je
souctem deterministické zavislosti na koncentraci latky v naddobce, determi-
nistické zavislosti na umisténi vzorku na lodyze a ndhodné slozky modelujici
vliv biologické variability. Ptijde tedy o smiseny linearni model.

Drive, nez se pokusime zapsat uvedené predpoklady do modelu, popiSme
jesté mozné rozmisténi vzorki do nadobek. Zavedme matici K, jejiz ij-ty
prvek k;; bude udavat misto odebrani vzorku, ktery dame do j-té nadobky
s i-tou koncentraci. Matice K ma tedy M radkia a P sloupct.
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Uvedené predpoklady vedou k modelu (j=1,...,P, i=1,..., M)
Yij:u+[3-xi+’y-vkij+Akij+Eij, (].)
=W+ B(w; = T) + y(vky; — V) + Ag,; + Eij, (2)

kde [ je pevny koeficient urcujici zavislost na znamé koncentraci z;, v je
podobny koeficient popisujici zavislost na tom, odkud byl potizen vzorek, vy
je znama konstanta, ktera zachycuje vliv umisténi k-tého odbérového mista
(napft. vzdalenost mista od kofene), Ax ~ N(0,0’i) je ndhodny efekt k-tého
mista a F;j ~ N(O, 02) je ndhodné slozka zahrnujici vedle prirozené biologické
variability vSechny zatim nesledované vlivy. O ndhodnych veli¢inach F;; i Ay,
pfedpokladame, Ze jsou vesmés nezavislé. Symbolem Yj; je oznacena hodnota
vysvétlované velic¢iny zmérend na vzorku umisténém v j-tém exemplari ¢-té
koncentrace. VSude dal budeme predpokladat, ze kazdy z regresoru X, V
nabyvé aspon dvou rtznych hodnot.

Klicova je volba matice permutaci K. Rizné matice se budeme snazit po-
rovnat podle presnosti, s jakou lze odhadnout parametr 3, ktery je klicovy pri
prokazovani zavislosti na koncentracich x;. V nasem smiseném modelu je roz-
ptyl odhadu parametr u pevnych efektt pomérné slozitou funkci i v situaci,
kdy zname variancni matice vSech zucastnénych ndhodnych veli¢in.

Zavedme vektor Y o M - P slozkach a matici X typu M - P x 2

(Yll\ (xl—f vkn_@\
Y12 1 - V1o -
Y r1—-T v -v
Y - %P . X-= L klp-
Y Ty —T  Ukyy — 0
KYMP) \xM ~T Uy p —U)

2. Model bez nahodnych efekti

Pro zacatek predpoklddejme, 7e je 0% = 0, takZe miizeme ndhodné efekty Ay,
pominout. V takovém pripad€ jsou ndhodné veli¢iny Yi1,..., Ya p nezavislé
a odhad B vektoru 3 = (8,7)” mé varianéni matici o2(X* X)~. Pokusime
se najit zavislost rozptylu odhadu parametru § na matici K. K tomu staci
zjistit chovani prvku matice (X* X)~! na mist& (1,1).

Matice XT'X je nutné regularni a ma tvar

vy (PSM (-T2 «(K)
XX‘( «(K) Pzﬁ(vi—@ﬁ)’
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kde jsme pro mimodiagonalni prvky zavedli oznaceni

c(K) =3 ) (xi = T)(vk,, - D) (3)

i=1j=1
M P
= Z(x’b _E) Z(Ukij _6)'
i=1 j=1
Oznacime-li dale primér hodnot veli¢iny V pfi i-té koncentraci
1 P
qi = E Z Ukij; s (ZfeJmé je q= 6)
j=1

muzeme psat také
M
c(K) =P (z;-7)(¢; — ) (4)
i=1

Prvek inverzni matice, ktery nas zajima, dostaneme jako podil dvou vy-
raztl. V Citateli je prvek na misté (2,2) matice X* X, ktery ale nijak nezavisi
na ¢(K), tedy ani na matici K. Ve jmenovateli je determinant matice XX,
ktery je roven

det(XTX) = P2 zl(a; _F)?2 ;(qi ~9)% - ¢(K)2.

Minimalizace rozptylu odhadu parametru § pres rtizné matice K je tedy
ekvivalentni s maximalizaci determinantu det(X” X), coz je déle ekvivalentni
s minimalizaci absolutni hodnoty ¢(K). Z vyjadfeni v (4) je patrné, Ze ab-
solutni minimum dostaneme, pokud vektor préimért q = (q1,¢2,...,qnm)7"
ma vSechny prvky stejné nebo pokud je vybérova kovariance vektor x a q
nulova. NemitzZe-li byt ¢(K) rovno nule, budeme hledat matici K takovou,
aby byl vyraz ¢(K) aspon blizky nule. Neptfehlédnéme piitom, Ze nulovost
kovariance vektorii x a q je totoznd s nulovosti vybérové kovariance (resp.
ortogonalitou) dvou sloupctt matice X.

Uvazme specialni pripad, kdy je vix = k pro vSechna k. Pak je zfejmé
q=v=(M +1)/2, takze podle (3) mizeme psat

M (& P(M +1
C(K) = Z(xl - SU) (Z kij - %) .

i=1 i=1
Soucet Zil ki; je samoziejmé vzdy celociselny, kdezto vyraz P(M +1)/2 pro
M sudé a P liché celociselny neni. V takovém pripadé odpada prvni moznost
dosazeni nulové hodnoty A(K) (vSechny praméry g; jsou stejné).
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3. Model s nahodnymi efekty

Abychom mohli tlohu zapsat pomoci bézné pouzivaného oznaceni, potiebu-
jeme jesté matici Z, ktera popisuje vliv nahodnych efektti na jednotlivé slozky
vektoru Y. Pocet radkt je dan poctem slozek Y, tedy M - P, pocet sloupci je
dan poctem nahodnych efektt Ay, téch je M. Matici Z dostaneme z matice K
tak, Ze do fadku, ktery odpovida Y;; vlozime do sloupce k;; jednicku, vsude
jinde budou nuly. Rédek matice Z tedy identifikuje nadobku a sloupec iden-
tifikuje misto, odkud pochazi vzorek do nadobky vlozeny. V kazdém radku
bude takto jediné jednicka, v kazdém sloupci bude celkem P jednicek, nebot
jedna realizace ndhodného efektu Ay ovlivni P vzorkid porizenych ze stejného
mista. Model pak mizeme zapsat standardné jako

Y =X3+ZA+E, (5)

kde je B = (B,7)', A = (A1,...,Ap)" a vektor E vznikne z E;; stejnym
uspofadénim, jako vznikl vektor Y. Pfedpokladame, Ze je A ~ N(0,0%1x)
aE~ N(0,02| M- p), pricemz nahodné vektory A, E jsou nezavislé. Uvedené
predpoklady vedou k tomu, Ze stredni hodnota vektoru Y je rovna X3 a jeho
varianéni matice je V = 03ZZ" + o2ly.p. Plati tedy Y ~ N(XB3,V). Maxi-
malné vérohodny odhad vektoru 3 je tedy

B=(XT'vIx)yIxTvly, (6)

pricemz plati var(8) = (X'V'X)™'. Zdtraziiji, 7e uvedené vztahy plati
v pFipadé, Ze oba rozptyly o2, ai skryté v matici V zndme. O hodnotach
rozptyld miizeme mit predstavu z predchozich nebo pripravnych pokusi,
pripadné z literatury. Bohuzel, v mém pripadé jsem se nedostal dal, nez
k datiim z neSikovné provedeného pokusu, kdy experimentator nerozliSoval
vzorky z rliznych mist stonku. Za rozumné bych povazoval zjistit citlivost
vysledku na volbé obou rozptyl.

Vratme se ke zvlastni strukture matice V. Protoze je v kazdém radku
matice Z kromé nul jedina jednicka, jsou sloupce této matice navzajem or-
togonalni. Protoze v kazdém sloupci je pravé P jednicek, plati z"z = P
Pouzijeme-li znamy vzorecek (napt. vysledek cviceni 11 na str. 73 knihy
Andél [1])

(A+UW") =AT - ATTURTWTAT,

kde je R=1+ WTA'U a vSechny invertované matice jsou regularni, dosta-

neme )
_ 1 o
V 1:_| A

- zz".
02 o02%(0%+ Po?)
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Varian¢ni matici odhadu miizeme tedy zapsat jako
1 1 o> -
(XTVIX) =X =1 - A zz" | X
02 o02(0%+ Po?)

=2 (XTX) T+ 0202 (XTX)IXTZRIZTX (X X)L, (7)

kde je (pouzijeme rovnost Z*'Z = PI)
R*=0?1+0%(2"Z2-Z"X(X"X)"'X"Z)
=o?1+03Z" (1-X(X"X)'X")Z.

Z posledniho vyjadieni je patrné, Zze R* je pozitivné definitni, takZe vari-
an¢ni matice odhadu regresnich koeficientti poc¢itand v (7) je rovna varian¢ni
matici modelu bez nadhodnych efekt zvétsené o kladny nasobek pozitivné
semidefinitni matice

C=(XT"X)IXTzZR*1ZTX(XTX)™!. (8)

Ve . ’ ’ v v o s T v .
P1i interpretace posledniho vyrazu zacnéme matici Z° X. Ozna¢me M -tice
vychozich hodnot dvou regresorti jako x a v, jejich priméry jako = a v. Ma-
tici X pak mtzeme pomoci Kroneckerova soucinu zapsat jako

X = ((x—f) ® lp,Z(v—E)),
take s ohledem na Z*Z = PI » dostaneme
Z'X=(Z2"((x-7ly)®1p) P(v-7lp)).

Druhy sloupec této matice udavéa ke kazdému mistu na stonku (tém od-
povidaji sloupce matice Z) P-nasobek hodnoty centrovaného regresoru V,
ktery charakterizuje deterministicky vliv tohoto mista na méfenou hodnotu.
Na tvaru matice K druhy sloupec nijak nezavisi, na rozdil od prvniho sloupce,
kde jsou podobné uvedeny soucty hodnot centrovaného regresoru X, ktery
zprostiedkovava vliv koncentrace, opét vzdy pro vzorky ze stejného mista na
stonku. Tady bychom se mohli snazit volbou matice K minimalizovat velikost
jednotlivych slozek.

Kdyz si predstavime linearni modely zavislosti jednotlivych sloupci ma-
tice Z na matici X, pak odhady regresnich koeficienti poskytne matice
(XTX)"1X*'Z. Matice C pak jakymsi zptisobem mé¥ ,velikost“ této matice
odhadt regresnich koeficient® s ohledem na ,vzdalenost“ danou matici R”.
Pfitom je matice R* rovna kladnému nésobku jednotkové matice zvétSenému
o kladny nasobek matice ,rezidualnich souc¢ti soucini“ zminéné zavislosti
sloupct Z na X (viz Rao [2, Kapitola 8c.2]).
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4. Co jsem nakonec poradil

Ani kdyz jsem predpokladal specialni hodnoty obojich regresort, totiz x; =1
a v, = k, tak jsem ve zjednodusovani vyrazu pro rozptyl odhadu parametru 3
prilis nepokrocil. Proto mi nezbylo, nez pouzit pocitac. Celkem jednoduchy
program v R umoznil spocitat smérodatnou odchylku odhadu parametru
pro nékolik rozmisténi vzorkd popsanych maticemi typu K a nékolik hodnot
O addjg.

Pokud se v nékterém radku matice K opakovaly stejné hodnoty (vzorky
ze stejného mista se dostaly do nadobek se stejnou koncentraci), znamenalo
to vzdy zhorseni presnosti odhadu smérnice 5. Zkousel jsem tedy zejména
takova rozmisténi, kdy druhy a dalsi sloupce matice K vznikl pokazdé jinym
cyklickym posunutim prvniho sloupce. V ptipadé M = 20 a P = 5 bylo nejlepsi
posunovat hodnoty vzdy o ¢tyri jednotky. Jako nejvyhodnéjsi se v tomto
pripadé jevila matice

(1 3 5 7 9 11 131517 19 20 18 16 14 12 10 8 6 4 2)
8 6 4 2 1 3 5 7 9 11 13 15 17 19 20 18 16 14 12 10
K'=]16141210 8 6 4 2 1 3 5 7 9 11 13 15 17 19 20 18 (9)
171920 18 16 14 12 10 8 6 4 2 1 3 5 7 9 11 13 15
\9 11131517 192018 16 141210 8 6 4 2 1 3 5 7))

Nicméné rozdil mezi touto matici a matici, kterd méla v prvnim sloupci
aritmetickou posloupnost 1,2,...,20 a dalsi sloupce byly jen vzdy o 4 radky
cyklicky posunuté, byl vcelku maly, pomér mezi smérodatnymi odchylkami
¢inil pouze 1,00012.
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PRAVIDELNY SEMINAR: ANALYZA DAT
Karel Kupka, Marcela Salficka

E-mail: info@trilobyte.cz

Seminaf Analyza dat, nabizeny jiz od roku 1992 a oslavuje 20. vyroci, je jedinec-
nou prilezitosti sezndmit se s poslednim vyvojem metod analyzy dat, modelovani,
statistiky a vypocetnich metod a ztstat v kontaktu se souc¢asnou arovni védomosti
a moznosti v této oblasti. Pfednasky probihaji v ¢estiné. Pfednasi (o tom co vam
ve gkole neiekli) pozvani odbornici z Akademie véd CR, Karlovy a Masarykovy
univerzity, VUT Brno, CVUT Praha, Vyzkumného centra CQR a dalsich piednich
akademickych i aplika¢nich pracovist a jsou bohaté ilustrovany ukazkami feseni re-
alnych i ad-hoc simulovanych tloh a studii na datech z technologie, managementu
kvality a vyzkumu se softwarem QCExpert 4, DARWin a S-Plus.

Béhem celého seminafte je k dispozici vystava odborné literatury a mezinarod-
nich casopisu (Quality Progress, Journal of Quality Technology, Computational
Statistics & Data Analysis, Data Mining and Knowledge Discovery aj.) a pocitace
se softwarem. Je mozné prinést i vlastni data. Po celou dobu jsou pritomni pred-
nasejici a pracovnici TriloByte jsou pripraveni odpovidat na vase pripadné dotazy
i mimo tématiku seminare.

Vice informaci o pravidelném seminari hledejte na webovych strankach spolec-
nosti TriloByte Statistical Software, viz http://www.trilobyte.cz/.
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