CHARLES UNIVERSITY PRAGUE

faculty of mathematics and physics

Abstract

We propose a class of nonparametric estimators for regression
models based on least squares over sufficiently smooth sets of
functions. These estimators permit the imposition of additional
monotonicity and concavity constraints.

Estimation takes place over balls of functions which are ele-
ments of suitable Sobolev space. The Sobolev spaces are special
types of Hilbert spaces that facilitate calculation of least square
projection. The Hilbertness is allowing us to take projections
and hence to decompose spaces into mutually orthogonal com-
plements. We assemble and prove necessary preliminaries and
theorems for statistical regression in these spaces. Then we
transform the problem of searching for the best fitting function
in an infinite dimensional space into a finite dimensional opti-
mization problem.

In regression in Sobolev spaces, we have demanded only
smoothness constraint on regression function f € % =

{£ €mm(Q0) |1y < L}
satisfy additional constraints. We therefore focus on the im-
position of additional constraint —isotonia— on nonparametric
regression estimation and testing of this constraint. Two basic
types of isotonia (non-negativity or non-positivity of n-th deriva-
tive of regression curve) are monotonicity and concavity so we
will concentrate mostly on them. We would like to estimate
subject to f € F C % where F combines smoothness with
further functional properties and to test Hy : fy € F.

Now, our estimators should

We prove that balls of functions in Sobolev space are bounded
and have bounded higher order derivatives. It permits us to
estimate over rich set of functions with sufficiently low metric
entropy and apply laws of large numbers and central limit theo-
rems results. We also describe bootstrap techniques for isotonic

regression in Sobolev spaces.

1 Sobolev Representors

A connected Lebesgue-measurable (open or closed) subset €
of Euclidean space R? with non-empty interior is called a do-
main. Consider a real-valued function on a given domain that

is Lebesgue-measurable. Simply f : 2 — R, 2 € 9, (A,). We
define the Lebesgue spaces by L,(£2) := {f : ||f||Lp(Q) < o0

1 < p < oo, where ||-]] 1,(0) denotes p-th Lebesgue norm.

Corollary 1.1. L,(§2), 1 < p < 00 s a Banach space. (See
[Luk03].)

We consider function f : @ — R and denote by Df(x) =
9l f(x)

83:11 &qu
Q° = Q\0Q), where ci = (ay,...,a,)" € Nl is a multiindex
of modulus |@|;, = > 7 ; a;. We deﬁne C™(§2) space of m-times
continuously differentlable scalar functions upon bounded do-
main ).

Definition 1.1 (Sobolev norm). Let f € C™() N
L,(Q). We introduce Sobolev norm |||, g0 =

{ZI@’\OOSm Ja ‘D&f(x) ‘pdx}l/p,

Definition 1.2 (Sobolev space). Sobolev space W)'() is in-
tersection of completion of space C™(£2) with respect to Sobolev
orm [, g1, and Z,(S).

Definition 1.3 (Sobolev inner product) Let f,g € WJ'(Q).
We introduce Sobolev inner product (-

its partial derivatives of order |@|; for x € int(Q2)(=

Sobm

/ D f(x) D%g(x)dx. (1)

<f7 g>Sob,m =
8| oo <M
For simplicity we denote Sobolev norm |||y g5, =
Sobolev space H™(Q)) =
[RY.
Theorem 1.2 (Hilbert space). H™(€2) is a Hilbert space. (See
[Luk03].)

7~

11l 506,1m
W) and Q7 closed unit cube in

Theorem 1.3 (Representors in Sobolev space). For all
f e H™(Q), a€ Q! andw € N{, |w| < m — 1,
there ezists a function ¥ (x) € H™(Q?), s.t

(a f>Sob,m = D"f(a). (2)
VY s called a representor at point a with rank w.
Furthermore, V¥ (x) = [T, ¥ai(z:) for all x € QY
where 1,7 (+) is the representor in the Sobolev space of
functzons of one variable on Q' with inner product

dxwz — <¢az Y f(fljl, |
d® wz ; «Q
::EZ/‘ b s, 5)

s Li—1y 5 Lit1y - - o
i

(0%
dur;

Theorem 1.4. The embedding H™(Q7) — C™1(QY) is com-
pact. (See [BY97].)

Let’s define I := {0,1,...

K = {%,1 2|m7
o 24m

rem 1.3 we easily obtain that representor ¢, € H™|0,1] s.t.

2m 4+ 1} \{k,m+ 1+ K}, where

From proof of Representors Theo-

<¢a7f>50b’m = f(a) for all f € H™|0,1] will be of the form
| Ly(z) 0 <2z < a,

Va(T) = { Ry(z) a<z <1, where
37) — Z %Spk and R Z 72m+2+k90k (4>

kek
We also determine () for m even

or(T) = exp {(Re(kk))x} CoS {([m()\k))x} ;
k€ {0} UM; (5a)

Omr1ok(T) = exp {(Re()\k))a:} sin [(Im(Ak))x} :
ke {0} UM, (5b)
and for m odd

wo(z) = exp{z}; (6a)
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() = exp {(Re()\k))aj} COS {(Im()\k))x}, ke M; (6b)

Pm+1(x) = exp{—z}; (6¢)
Oms1in(T) = oXp { (Re(\))x }sm [(me))x}, ke M;
(6d)
where r
| G 2| m, ke K
e = e ) e ! (7)
\ mk—L, 2¢4m, ke k.
and M :={1,2,... ,m}\{k}.

Theorem 1.5 (Obtaining coefficients vxs). Coefficients vy of
representor V,(x) are unique solution of 4m x 4m system of
linear equations

> ("0 + (=1 0) =0,

kel
j — Y, , TN — 17 (8&)
(m—j) 1 1 (m+j) 1 —
Z%m+2+k P (1) + (=1) P (1) ;
kelC
j=0,....,m—1; (8h)
Z (Ve — Y2m+2+k) Spgcj)(a) =0,
kelC
j=0,...,2m — 2; (8¢)
S (= emsz) 0" @) = (<)Y (84)
kel

where K is defined above and vy in (5—6).

2 Least Squares

r

Definition 2.1 (Single Equation Model). The single
equation model is

}/Z' — f0<X2> + &4,
with these assumptions:

i=1,...,n (9)

i) X are g-dimensional random vectors, i.i.d. with prob-
ability law P, and density p, bounded away from zero
on the support Q7. the unit cube in RY;

ii) &; are i.i.d. random variables With probability law P
so that Eg; = 0 and Vare; = 02, for all 4; P.g € P. a
collection of probability laws Wlth mean 0 and support
contained in a bounded interval of R': X; and ¢; are
independent;

i) fo € %, where % is a family of functions in the
Sobolev space H™(QY) from R" to R} m > 41

= {F €@ | < L} w

Least squares are in regression the most typical and standard
way of error penalization. Our regression problem can be char-
acterized in one of these ways:

o mingern 3 [y — f@)]” st ([l < L

® mil‘lfeHm {% 2?21 [y@ — f(ajz)]2 + X HfH%ob,m}’

The Sobolev norm bound L and also the smoothing parame-
ter (bandwidth parameter) x controlls the tradeoff between the
infidelity to the data and roughness of the estimated solution.

Definition 2.2 (Representor Matrix). Let 1., ..., 1, be the
representors for function evalution at x1, ..., x, respectively, i.e.
(Wris [ ooy = flxg) forall f € H™ i =1,...,n. Let ¥ be the
nxn representor matrix whose columns (and rows) equal the rep-
resentors evaluated at xi,...,zy; le. U, ; = <¢xw ¢$j>30b,m =

%Z(%) — wxj(xl)
Theorem 2.1 (Infinite to Finite). Let v = (y1,...,y,)
and define
1 n
~9 . 2 2
p— — Z — 7/ .t. < Lj 10
7t = guin o Dol S st 1 < L0
1
s — mlan—[y Vel [y — Wq| s.t. ¢We < L (11)
ceR"™

where ¢ 15 a n X 1 vectm“ and W 1s the representor ma-
triz. Then 6% = s*. Furthermore, there exists a solu-

tion of optimizing pmblem of the form f =" | Citby,

~2

,Cn) solves 6°. The estimator f is

where © = (¢y, . ..
UNIqUE a.s.

Lemma 2.2 (Symmetry of Representor Matrix). Representor
Matrix is symmetric.

Theorem 2.3 (Positive Definitness of Representor Matrix).
Representor Matriz is positive definite.

Theorem 2.4 (Asymptotic Behaviour of Finite Optlmlzmg So—

lution). Let f satzsfys =mint > " (y; — f(z ) st feF
Suppose fy € F, then:
a) s> &020, n — 00;
2
b) L3 (f(xz) — fo(xz-)> = O, (n™") where n = 231—71(] and
n — oo,

c)n'?[s* — o 0} — N (0, Var(e?)), n — co.

Var(e?) may be estimated consistently using fourth order mo-
— flxi).

Theorem 2.5 (Optimizing with Constraint). Optimizing

problem with constraint

1
“ [y~ o [y — @
min —[y — W' [y — Wol

where ¥ > 0 15 a symmetric n X n matriz, vy is an n X 1
vector of constants and L > 0; has a solution © = ®d, where

P is an orthogonal n X n matriz from Schur decomposition
U = AP, where

ments of the estimated residuals €; = y;

s.t. ¢ We < L (12)

A = diag{),..., \n}, (13)

Ao >0, 1=1,...,n, (14)

[ = &%= P (15)
and d = (a?l,.. .d,) solves

mln — E
deR” n —

where z = (21, . . . ,zn)’ = ®'y. Vector d always exists.

Multiple observations : (See [HY03].)

e c.g. option price data often consist of multiple observations
at a finite vector of strike prices

o let X = (Xq,...
e assume that the vector X is in increasing order

o let 0%(X4),...,0%(X}) be the residual variances at each of
the distinct strike prices

, X1)" be the vector of k distinct strike prices

1 if X; = Xj
0 otherwise
We may now rewrite our infinite optimizing problem as

min ~ [y — Af)] S — Af)] st |2 < L
(17)

JeEH™ N
Nothing that the representor matrix W is in this case k X k, the
analogue to finite quadratic optimizing becomes:

1
min — [y — A¥c]' 7 [y — AW¥e] st /' We < L
ceRF M

Theorem 2.6 (Extentions to the Multi-Equation Settings

Part). Let 2 be a positive definite matriz and define

Let A be the n x k& matrix such that A;; :=

(18)

n

1
~2 . min — o N = v, — .
o = i o 3 = S5 = i £)
st | fillegpm < Lys G=1,-..,p (19)
1 i AN U\ |
§* = min>< —Z v, — C' | ¢ =y, —C' | :
LeR pnizl i \Pz’ i i \Pz’ i
Ch;
S.1. (CM,...,CML)\I’ : SLJ', ]:1,,]? (19b)
Ch

where C is a n X p matrix and W is the representor matriz
of inner products of the 1,.. Then 6* = s*. Furthermore,
the're erists a solutzon of optimizing p’mblem of the form

(fl, . fp) = >, Cjz%; for j = ..,p, where
C solves 02 ﬁmte dzmenswnal problem. The estzmator f 18
unique a.s.

Choosing of the Smoothing Parameter :

e in nonparametric least squares, the smoothing parameter L
corresponds to the diameter of the set of functions over which
estimation takes place,

e the larger bounds (much larger than true norm) the less effi-
cient estimators we obtain,

e the smaller bounds the more efficient estimators we have but
inconsistent.

Define  the

AN

%Z?:I {yi — /-

CV(L) _
2 —~
Z-(:Ci)} , where f_; is obtained by solving

cross  validation  function

n

min ¥ [y — f@)] st || fllopm < Lo (20)
feH o
el
Theorem 2.7 (1-1 Mapping of Smoothing Parameter). Let
L >0 and .
f*=arg min [y = fEN T [y = fG] st G < L
(21)
then there exists a unique x > 0 such that
1
fr —argfmg}n—[y FE) Sy = FENHX N N G - (22)

This is a 1-1 mapping Z&: RT — R": L — .
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FIGURE 1: Monotonic Regression Curve in Sobolev Space
of rank m = 2 for the best value of Smoothing Parameter
X (left) according to Cross-Validation function CV (right).

3 Isotonia

Definition 3.1 (Constrained Single Equation Model).
Invoke the assumptions for the Single Equation Model
and add these assumptions:

iv) F C F is a closed set of functions such that the met-
ric entropy log N(d; F) < A§~¢ for some A > 0,( >

is a descending sequence of closed and pos-
n=1

sibly random sets of functions Q’NQ Lgﬂv D ... D
T2 .. 2 Z such that N~ = % as. and

)<A’5 Cm=1,2, ...forsomeA’>O.

log N (0; #,

Metric entropy N(§;.%#) denotes the minimum number of balls
of radius d in supnorm required to cover the set of functions .% .

Theorem 3.1 (Convergence of Constrained Estimation). Let
f satisfy 5 = minsepm Z?%(yz—f(aﬁl))z s.t. [ € F,.
If fo € F then the conclusion of theorem (Asymptotic
Behaviour of Finite Optimizing Solution) continue to h0ld
231—”_1(] Suppose f & 7

1 foll? Sob.m 18 finite and there exists a unique fo €
min,_> [ (fo— f)?dP.. Then s % o2+ | (fo _ fo) P,

n — OQ.

with rate of convergence n =

F satis fymg

Definition 3.2 (Definite Monotonicity). Optimizing Problem

with Smoothness and Definite Monotonicity Constraint is

, 1
mingege — v — Wl [y — ¥

st. dWe<IL & wWe>(

where W is an n X n representor matrix at the data points
T1, ...z, W is a matrix of first derivatives of the represen-
tors evaluated at the points x1,...,x,, v is an n X 1 vector of
constants and L > 0.

We should call this Minimizing Problem with Smoothness and
Definite Nondecreasing Constraint for correctness.
Definition determines set of functions

—~—

= cl
{Fem™(Q) | <L, fa) 20,0 =1, 0}

Definition 3.3 (Indefinite Monotonicity). Optimizing Problem

with Smoothness and Indefinite Monotonicity Constraint is
1

MiNgeRrn - v — W' [y — ¥c (25)

st. dWe<L (26)

& [Wel; < [P, for z; <y, 4,5 =1,...,n(27)

where W is an n X n representor matrix at the data points

x1,...,T,, Visan n X 1 vector of constants and L > 0.

Definition 3.4 (Definite Convexity). Optimizing Problem with

Smoothness and Definite Convexity Constraint is
1

mingerr — [y — ] [y — ¥l (28)
n
st. dWe<L & 93>0 (29)

where W is an n X n representor matrix at the data points
X1, ..., T, U2 is a matrix of second derivatives of the rep-
resentors evaluated at the points x1, ..., x,, v is an n X 1 vector
of constants and L > 0.

Analogicaly we can also define Indefinite Convexity:.

-
Theorem 3.2 (Asymtotic Behaviour Based upon Laws

of Large Numbers and Central Limit Theorem). Consider
Constrained Model and suppose that [ lies strictly in-
side the ball of functions Hf”?gobm < L and f is strictly
monotone increasing and stricily convexr and 1S a lin-

ear combination of the representors Vx,, ..., Yx,. Let
II/n =Var(y(X)). Then

i) f(X) = f(X),
i) fO(X) = fOX),
i) fO(X) = fO(X),
iv) nt/? f(X)—f(X)) 2>./\/'(O,1_I), n — 00,

n — 00,
n — 00,

(
( n — 0o,

) 2 #
) 2

v) n'/? (& — ) ZNO, T Y, n— oo,
vi) nlf2 ( FO(X) - FO()) 2,
N©O, W Ie el n - o,
vii) nlf2 ( FO(X) - fB(x)) -
N©O, Ao Ie 1 w?) - .

Bootstrap :
e Clasic Bootstrap
> construct a bootstrap data set (1, yP), . (2, yD),
where y = f(x;) + €7
e An alternative way — “Wild” or “External” Bootstrap (see

[Yat03])

» for each estimated residual &, = y; — f (x;) one creates a
two—point distribution for random variable wj,
Wi Prob(w;) E(w;) E(w;) E(w;)
> (1 —v5)/2 (5+V5)/10

0 g2 £
G(l+v5)/2 G-vH)/10 0 &

» one then draws from this distribution to obtain & B

Calloptions with Point-Wise Confidence Intervals
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F1GURE 2: DAX Calloptions Data — Monotonic (Decreas-
ing) and Convex Regression Curve in Sobolev Space of
rank m = 4 with various types of 95% Confidence Inter-
vals.
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