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A NOTE ON CONVERGENCE OF LOCAL MARTINGALES

PETR DOSTÁL

Abstract. It is investigated the topology of L(L), the set of all distributions of
pairs (X, Y ) such that Y is a real continuous local martingale on the canonical
filtration of the process X and X is stochastic process on some separable metric
space T.
Abstrakt. V �to$i stat~i my zanimaems� topologie$i mno�estva vseh

raspredeleni$i par (X, Y ), gde Y oboznaqaet real~ny$i nepreryvny$i

lokal~ny$i FX
t -martingal i X stohastiqeski$i process so znaqeniami

v separabel~nom metriqeskom prostranstve T.

1. Introduction

We continue the research on topology of L(L) that was started in [3] and gene-
ralize the following result from [3].

(1) L(L) is a relatively weakly closed set in L(A)
where L(A) denotes the set of all probability distributions of pairs (X,Y ) such that
Y is a real-valued continuous X-adapted process if we consider only continuous
processes X . We offer another idea how to prove and generalize the above result.
(see Theorem 1, Theorem 5)

2. Motivation

We refer to [3] for inspiration but we only introduce one example which is denoted
in [3] as 1.2 Example.

I. The set W of all probability distributions of processes X such that there exists
a weak solution (Ω,F , P,Ft,W,X) of a stochastic differential equation (SDE)

(2) dXt = b(t,X)dt+ σ(t,X)dWt

is a Borel convex set in the set of all Borel probability measures on C(R+) for
arbitrary progressive coefficients (progressive coefficients will be defined in section 3
b and σ and weakly closed set in P(B), the set of all Borel probability measures on
C(R+) concentrated on

(3) B = {x ∈ C(R+),
∫ t

0

|b(s, xs)|+ σ2(s, xs)ds < ∞ ∀t ≥ 0} ∈ B(C(R+)).

Especially, W is a weakly closed convex set in P(B) if b(t, .), σ(t, .) : C(R+) → R are
continuous mappings for every t ≥ 0 and bounded on compact sets in R+ ×C(R+).
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Note only or see 1.2 Example in [3] that if there is a weak solution (Ω,F , P,Ft,W,X)
of a SDE (2) then

(4) X ∈ B a.s. and Gb(X, t), Gb,σ(X, t) are local martingales

with respect to completed canonical filtration of the process X where

(5) Gb(x, t) = [xt − x0 −
∫ t

0

b(s, xs)ds] · IB and

(6) Gb,σ(x, t) = [x2t − x20 −
∫ t

0

2xsb(s, xs)− σ2(s, xs)ds] · IB .

Conversely, if (4) holds, then there exists a weak solution (Ω∗,F∗, P ∗,F∗
t ,W

∗, X∗)
of a SDE (2) such that X and X∗ have the same distribution.

II. If Gb, Gb,σ are continuous and SDE (1) is such that there exists its weak
solution for any deterministic initial condition, then the equation possesses a weak
solution with arbitrary initial condition in P(R), the set of all Borel probability
measures on R.

3. Notation

For f : R+ → R continuous function started at 0, c > 0 we denote by

(7) αc(f) := f(. ∧ τf
c ), where τ

f
c = inf{t ≥ 0, |f | ≥ c}

is the time of the first entry of the function |f | into the set {−c, c}. This transforma-
tion gives us a Borel measurable mapping α0c : C(R+) → C(R+), α0c(g) = αc(g−g(0))
where C(R+) denotes the set of all continuous functions on R+ endowed with the
topology of uniform convergence on compact intervals. Recall that a real-valued
continuous process Y is an FX

t -local martingale iff for every c > 0 α0c(Y ) is an FX
t -

martingale i.e. Y is FX
t -adapted process and for s ≤ t

(8) EFX
s α0c(Y )t = α0c(Y )s a.s.

where FX
t denotes the canonical filtration of the process X defined as follows

(9) FX
t = σ{[Xu ∈ B], u ≤ t, B ∈ B(R)}

where σ(A) denotes the smallest σ-algebra which contains A as a subset. Recall
that B(S) denotes the Borel σ-algebra on metric space S. We promised in section
2 to define progressive coefficients. Say that b : C(R+) × R+ → R is a progressive
coefficient if there are some bt : C[0, t]× [0, t]→ R, t ≥ 0 Borel measurable functions
such that

(10) for x ∈ C(R+), u ≤ t bt(xs,s≤t, u) = b(x, u)

where C[0, t] denotes the set of all continuous functions on [0, t] endowed with the
topology of uniform convergence.
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4. Theorems

Recall that X is a real-valued continuous process iff it is a random variable with
values in (C(R+),B(C(R+))).

Theorem 1. Let Yn, Y be real-valued continuous processes such that Yn → Y
a.s. in C(R+). Then for c > 0 there are sequences δk ∈ (0, c) and nk ∈ N such that

(11) α0c−δk
(Ynk

) → α0c(Y ), k → ∞ a.s. in C(R+).

Proof: see thm. 1 in [2]. A combination of this theorem and Skorochod Theorem
yields Theorem 2.

Skorochod Theorem. Suppose that Pn, P are Borel probability measures on
metric space S. If Pn → P weakly as n → ∞ and P has a separable support, then
there exist random elements Xn and X , defined on a common probability space
(Ω,F , P ), such that

(12) L(Xn) = Pn,L(X) = P and Xn(ω) → X(ω) for every ω ∈ Ω as n → ∞
where L(Z) denotes the probability distribution of a random variable Z. (see thm.
6.7. page 70 in [1])

Theorem 2. Let X,Xn be real-valued continuous processes such that Xn → X
in distribution as n → ∞ in C(R+). If R : C(R+) → C(R+) is a continuous mapping
such that for n ∈ N R(Xn) is a local FXn

t martingale and R(X) is an FX
t -adapted

process, then R(Y ) is also an FX
t -local martingale.

Proof: See thm. 2 in [2].

The method given by Theorem 1. seems to be sufficient for generalization but
a little bit unpleasant. One may ask if there is some better approximation procedure
of αc(Y ) by αd(Yk) for Yk → Y in C(R+). The answer is given by

Theorem 3. Let Yn, Y be real-valued continuous processes such that Yn → Y
a.s. as n → ∞ in C(R+) and for n ∈ N Yn is a local FYn

t -martingale. Then for
c > 0 holds

(13) α0c(Yn) → α0c(Y ) a.s. as n → ∞ in C(R+).

Remark. Recall only that Y is an FY
t local martingale iff Y is an Ft-martingale

for some filtration (Ft, t ≥ 0).

Proof of Theorem 3 is based on Theorem 2 and 4 which says that it is enough to
show that Y is a local FY

t -martingale. Now put R := id and use Theorem 2.

Theorem 4. If Y is an FY
t -local martingale, c > 0, then the mapping α0c is

continuous at Y (ω) for a.s. ω ∈ Ω.

Proof: See thm. 3 in [2]

Our generalization of result (1) reads as follows.



32 A note on convergence of local martingales

Theorem 5. Let Xn, X be T -valued stochastic processes for some separable
metric space T ; Yn, Y be R-valued continuous processes such that for n ∈ N Yn

is an FXn
t -local martingale and Y is an FX

t -adapted process. If moreover finite
dimensional distributions of Xn associated with Yn converge to finite dimensional
distribution of X associated with Y i.e. for f continuous bounded function on
T k × C(R+), u ∈ (R+)k, k ∈ N

(14) Ef(Xn(u1), · · · , Xn(uk), Yn) → Ef(X(u1), · · · , X(uk), Y ) as n → ∞.

Then Y is an FX
t -local martingale.

Proof: see Proposition in [2] which is a little bit more general but its formulation
is more unpleasant.

One may ask if we could leave out the assumption, Y is an FX
t -adapted process.

The following example shows that it is impossible even in the situation of Theorem
2 where Yn = R(Xn) and Y = R(X).

5. Example

We will find R-valued continuous processes such that Xn → X as n → ∞ every-
where and R : C(R+) → C(R+) a continuous mapping such that for n ∈ N R(Xn) is
an FXn

t -local martingale but R(X) is not even adapted to the completed canonical
filtration of the process X.

Denote by W one-dimensional Brownian motion and for n ∈ N put

Xn(t) =W (t ∧ 1)/n+W [(t− 1)+ ∧ 1]→ X(t) =W [(t− 1)+ ∧ 1], n→ ∞
and R : C(R+) → C(R+), R(f)(t) = f(t+ 1)− f(1).

Now it is enough to check that R(Xn) =W (.∧1) is an FXn
t = FW

t∧1-local martingale
but R(X) = W (. ∧ 1) at time 1 is a nontrivial random variable and it cannot be
measurable with respect to the completion of a trivial σ-algebra FX

t = FW
(t−1)+∧1 at

time t = 1.
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