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Consider the linear model

1.1 ' S e —
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where Y = (Y‘,...,Yh)' is n vcétqr of,independent,observationi, X is 8 known (nxp)-
matrix, f = '( pl,...,/s )" is en unknown peremeter and E = (E,...,E )" 18 » vec-
tor of independent errors identically distributed according to a distribution fune-
tion (d.f.) F , which is either unknown or only partially known. We want to find en
estimator for E which has high efficiency under normel d.f. F but which is ab-

le to endure mild pefturbntions from normality. The latter requirement is not satis-~
fied by the classicel lesstsquares estimator (LSE).

In the locetion submodel (p=1, X131, xiJ:o; t=1,...,n, 3J=2,...,n), three
broed clessesof robust estimetors, less sensitive to devistions in the distribution
shepe, nemely M- , K- end LQesthators, took the most interest in the Statieticél
prectice. From these. three clesses, M- and K-estimators extend in straightfor-
ward wey to th linear model. Their detailed study may be found, €.8.4 in Huber(!98&1),.

L-estimators heve & simple structure in-ihe location model, being just linesr
combinetions of order stetistics, yet they have good efficiency end robustness pro-
perties, Wellknown is the sample median Yn, the ot-trimmed mean,
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where ¢ (< 1/2, [x] 1s the lergest integer k setisfying k<x and Yn-lé"'
ves € Yn-n are the order statistics corresponding to Yt""iyn" An extension of
L-estimators to the linear model is not as straightforward as in the case of other

estimators. Une possible extension was suggested by Bickel (1973); but Bickel's es-
tim:tors sre complicated and ere not invarisant to the reparsmetrization of design,

Koenker and BaaSQtt (1“78)v1ntroduced the concept of regression quantile as an
extension of the aampie quantile to the linear model. This concept seems to provide
the right besis for the inference in linear models based on the ordered residusls.
While the eerlier ettempts ordered the resjduals from sSome preliminary estimate,
the present procedures order the residunls from the regressior quantiles and hehce
ere not effected by the choice of initisl estimator. f

The present paper provides a review of some estimstors sund tests based on reg-
ression quentiles. The sres is under development end thus the review is not exhaus-
tive; but even the partisl results indicate that the procedures sre not only theore-
ticelly interesting but that they nre nlso easily npplicable to the practicel prob-
lems,



: ‘,...‘, bo indcpcndent oburvsticna, Y, distributed sccording to the
a.r. F(y [_',? ) 113 3 ), 1=!,...,n, vhcre F is an _absolutely continuous d.f. end

speeesp 1. . known design ntrix. Fix «€(0,1) and consider the func-

X = (xy e lyeeuin

tion .
(2.1) an'(*x)' = X ir x 20
(e =1)x 4 x ¢ 0,
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Denote &(o\) = {5,:(4),...,:. l{?)p.(o‘. }) " the solution of the minimizetion problem

(2.2) i'i &‘5(11‘ - é:\ x“ t'd) : ain

with respect to e RP. xpt.icg that, in the locstion submodel, solution of (2.2)

leads to the ssmple »-quentile. Koenker and Bessett (1978) cealled /b(m) the reg-

gression_ *-gusntile, » Lo
If X contsins an intercept, i.e., x,31, 1=1,...,n, 1if

(2.3) % XX R @ ( positive definite pxp -matrix)

s nrwo end {f F 'hes positive and finite derivetive in s neighborhood of F"’(oc),
then (Koenker end Bessett (1978))

@0 L' by - pon ) (g [w1- =0/ 267 ()] ¢ H
. mx , where

§

(2.5) Blor = o by F ey, 35,..., By

The silultnreoua asynptotic dist.ribuuon of seversl regression quanules is analogous
to that of uveral lanple quantiles S § ¢ g- ( &( ™1)sees, (cs ))° end % =

( [5( Xylyeon, @:( o )) then the aayaptotic ﬁistribution of n' 2(%- g) is :p_—
dimensional noml H P(ﬂ, dx Q" where _;). _ (‘"13)1,3=1 with® ~

(206) 'A’ij = “ (1- “3) /t(F ( «i))t(r ( 0(3)), 1,3"-",.-.,!,

provided F  hes poultil& bounded derivative in e neighborhood of F"(oc1),._..,
L I ’F ( q )‘ N

If we put x= 1/2, we get an lt-eatiuat.or, which is en extension of the samp-
le medien to the rggreas on model. '

Koenker end BQaAet.& (1978) 8120 suggested the iripmed least-sgusres_ ost;m_tgr
(trimmed LSB) in the r l my POTix oy, oy, 0< xy< Xy <1, =and celculste
the regrnuon qu atiles (33'( =) send {5( ®5). The solution or (2.2) needs not to
be uniquely datemined but we could always determine & rule which selects one of the
possible lolutionu (tm clmxce of @ single solution does not effect the asymptotic re-

sults). Let A be the di;g,,nal ‘nxn. matrix with the disgonal

= A
0 o ir oy, 4;; X4 {5 (g} or Y, *é‘xﬁ(&n(mz)

1 othci'wise, 1=1,...,n.

(207) 311 = ‘1 =

Trimm~off 81l Yy with e4=0, 1=1,...,n and calculate the ordinary LSE from the
r‘emﬂming obaqrvauona. The resulting estimator Lo ( Xy y "‘2" " which could be also
exprcsaed [ ¥} , -
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{C' denotes the renealized invor:c of CJ 13 celled the trimod 1east—aqu-res es~
timetor of l} . R . .

This estimator was leter studied in details by Ruppert snd Caroll (1980) who con-
firmed the asymptotic distribution conjectured by Koenker ond Bauctt. (1978). Let us
formulate their result es e theorenm. .

THECREM 1. (Ruppert and Caroll (1980)). Let —!,,...,Yn be independent random verieb-
les , Y, distributed according to the 4.f. F(y-Z§=| X435 /53); let 'F end 5 =

= (xij) 1:;:’.’9 satisfy the following conditions :

19 ¥ hes a continuous density f~ such that f£(y)> 0 on the support of F.
{nf X' = 0, J‘=2’,;.,_p.

2° X456, 1i=1,..,n end &
) -1/2 = '
S PR LR Lt AN

4°  There exists a positive definite 'Q such thet 1lim n~' X°X = Q.
~ ’ nesoo ~
Then : 7 v i
1B ’

2y ELOp(E) + o tn"'"?),

(2.9 Lol os o) =& = 07 (o o)™ g

88 nv , where 51=(xu,...,xip),’ end

| ooy if x<r"(«,)
(2.10) Yex) =y x 1 F) € x 6 Py
"My 1t F(xy) Cx

' Consequently, ,
(2.11) L' 20wy o) - B = NoC 0, 620wy, wp B Q)

where

(2.12) @%(ot),%,,F) = (x -u,) "’ig (F™ () -6) Zauoq (F7 ()= §)2a(1-ap) (7 (x,)-5) 2

- (o 5 V)= 60+ 1 o) (F ' (<) )] }

and :
. O
3" <, _ . -1 | 2 -1
(2.13) = o(‘-\]’ «2' F) = (0(2‘0(‘) F (u)du.

1
Notice thet & (o(‘, x5, F) 1is tho -synptot.ic varisnce of the t.rinled mean in
the locetion case. Ir, bosidea the asaunptiona of 'rheoren 1, vu assume that F is
symmetric snd put o =1 - o<2 we see that gz 0 ana 62 (ot,F) tekes on s simp-
ler form. Co-bining the representetion (2 9) with Theorem 4.1 of Jureékov( (1977) ,we
get

(2.14) rﬁ”‘zab (oc) - M q-—z-r 0; “as n— 00

where !n is the I-eau-ator defined as 8 aolution of t.he ayaten of equations

p

n
2.‘ = =
(2.15) 12:” xun?(ri%;. gy t5) = 0,  k=l,...,p



with nyof (2.10). The M= estimator genersated by the function

| x it (x| £k
2.16 N(x) =
( ) Wil k.sign x 1f x| > k

with k>0 18 known &s Huber's estimator. Hence, we may conclude that the class of
trimmed LSE's ié esymptotically equivelent to the cless of Huber’s estimators.

Compéring i’ith gn, the trimmed LSE is scele-equiverient,i.e., L (c Y,,...,
e-g © Yn) = ¢ L (Y‘,...,I Y, ¢>0 . This is not the case of Huber s K-estime-

tor !n : to iike it scele equivirinnt, we should either supplement Hn by en esti-
mator of scéle on weé could ‘-itern'ﬁtiyo'ly spply the rfollowing adeptive procedure pro-

posed by Juroékov‘ and Sen (1984). Fix «e€( 0, 1/2), celculate the regression quan-
tiles ,'5(0() and /5(l-m) end put

A
(2.17) e () =,([5,<t—o<) - Pt

5: be sn estimétor defined es a solution of (2.15) with (\.i} ”‘Fknm)' Then g

is scele-equiverisnt and, under the conditions of Theorem ! and for symmetric F, the
ssvmptotic distribution of M concides with that of (2.11)-(2.13) [with o= o,
«, = 1- x, &= 0] . Moreover, if we put

(2.18) o= (1= ) 1=y + &

with k satisfying
(2.19) 2090 /K) - z(bm:) = €/(1-€)

@ is the 4.f. of K(0,!) eand (x) ga&-} then 5: is the minimex estima-
tor minimizing the maximum asynptouc varience over the family of ¢ -contaminated nor-

mal distributions,

(2.20) ¥ . iF = (1-€)<b+ £H, Heéﬁj

where X 1is the family of symmetric d.f.°s (cf. Huber (1964, 1981).

Huppert snd Caroll (1980) elso derived the Bahedur representation of regression
quentile {5(0&) : under the assumptions of Theorem 1!,

A
(2.21) f(e)- bla) = n~! (er ]! S“ﬁ x g?“(zi-r"(«)) + op(n“/z)

where

(2.22) Qo = « -1 [x<0] , xeR'.

Let us ﬁoﬁ-ébﬁi’ﬁ&ﬁr & possible definition and properties of the trimmed LSE :1n
s more genersl situation when some of the conditions of Theorem ! sare viclated:

(1) If the design metrix X does not satisfy 2° and hence there is no inter-
cept, we suggest to extena x by @ column of units to

(2.23) x'=(|:§)

where 1 = (1,..,1)" is an nx! vector; then we shsll consider the extended model
(2.24) ' Y =X pY ek

~
with (b' = ( (bo, p“.... r )y’ ('b (=0) 1is an artificiel intercept. We cslculate
the trimmed LSE L (0&1;“7_) = (I‘o’ L': ,...,Lp )° for the extended model in the



Koenker-Bassett manner and defire .Ln( %yy Xp) = Lf,..., L;)' 88 the trimmed LSE
for the originel model. Then : -

(2.25) Ln'2(L (o, wp)= B} — Ny (0) 670 oy o) 31,

@8 m— , where . 6?(cx,,cx2,F)« concides with:(2.12) end- 'g"--"-(q:“t)g’kzt with
. . n i B ‘ : . R ¢
3. = 1 -x - X, X,z 1
(2.26) Ty e L ;2; (X134 = Flxgy = T, xj_é Xyqs 3%1,.00,p.

The asymptotic distribution (2.25) end the rcpiqaentatioh of the type (2.2)) in
8 more general setup and with the remeining term of order Op(n-'3 4) are proved in
Juredkovd (1984), - : .

(11) As -'spécinl cese, consider the situstion that 5 satisfies
2.2 . t =O =' es e .
( N F;"' 1379 3=heep

Then, if we defined é(o& a8 8 solution of (2.2) we should come to a surprising
solution that the regression quentiles corresponding to verious > - are asymptoti-
celly undistinguisheble from esch other. More precisely, under 1%, 3° gana 4° of
Theorem 1 , ' : ‘ : '

. n -

y R -1 =15 ( -1/2

(2.28) (=) - fp=n (o™ §7 2 xy P, (E1) *+ 0p(n™ %)
holds for 0{( <1, as nwoo with o = F(0) end o( of (2,22). This ;jro—

position is proved in Juroékqu (1984), again strengthened to Op(n'3 4). Ve get as
@ consequence thet the trimmed LSE is not well-defined in such situastion. In such
énd similer cases, we recommend to use the approach described in (i). ‘

(111) JureZkovd (1983e) introduced the '1naorized.LSE, studied its asymptotic
properties andfound its M-estimator counterpart., For « €(0, 1/2) the ox-Winso-
rized LSE is defined as ' : : '

(2.29) L‘:("‘) = n"‘i[n«l B(x) + (n-2fn«) Ly(ek) + (n«]{g('-o()}

wt ere kn(u.) is the - trimmed LSE. The asymptotic properties of é:(a;) are
8ralogous to those of the < -Winsorized mean in the location case .

An inportaht aspéct of every statistical procedure is that of its computation.

A possidle computation of regression quantiles end of the trimmed LSE was already
considered by Koenker sand Bassett, It turns out thet the regression quantiles could
be calculated by e modified linesr programming algorithm and hence the calculation
of the trimmed LSE (or thst of the Winsorized LSE) merely‘réquirea the solution of-
e linear progremming problem in addition to the usual least squarses computation.
Antoch (1984) elaborated e series of conputer‘progreua,convcnient for a direct prac-
ticel use. An extensive Monte Carlo’Study'by Antoch, Collomb and Hessani (1984)
1llustrates thet the L-estimators behave well for non~nprna1 distributions and rea-
sonably well for normsl distribution, compering with the LSE.

3. Zests of lineer end other hypotheses

The trimmed LSE cen be‘uaod for tenting the linear hypothesis in an anelogous
way 88 the classicel tests use the ordinary LSE. The pertaining critical regions
ere besed on the asymptotic distributions of the test statistics. ’

Ruppert end Ceroll (1960) constructed a consistent estimator of 92(a1.«2.F)
of (2.12) of the form ' '



(3.1 87 = (g T tnp) ™! 22 et (R o1y

- Al 2 r A /i\ 2
where ' _
(3.2) oy s A1 - xCx's

A S . }
5510(1) and L; is tho‘rirat component of &(fﬂi), 11,2  and of ‘Ehﬂxlfxz )
respectively. The convergence

(3.3) st 6% ), %0 F) , 88 mesoo

waz proved by Ruppert end Caroll (1980) under the conditions of Theorem | and by
Jurelkovéd (1984) under more genersl conditions including the polynomial regression.

To illustrate some tests based on the trimmed LSE, it is convenient to rewrite
the linesr model (1.!) in the form

(3.4) | Y= oL Xp

where 1 e (1,..,1)° 18 (nxl) vector of units, §§ = “13’g:f""1§ and ;52
. . g oo ~
=0 Poreee, pp)'. Consider the hypothesis
H.O : (&:’:0 . J:p-m'b-'l.,..'p ( Iéﬁp—]).‘

Let L = L ( «y,x,)  denote the trimmed LSE of b= Cpyyeen, bp)” end let I =
:';ﬁ(otl,cxz) denote the seme calculsted under Ho. They we may test Ho wit
the aid of statistic

_ - P -— 2
(3.5) T = -DEX@-T) /s

Unier the assumptions 1° and 4° of Theorem !, provided
(3.6) mex {x; ‘ = OCn'/‘), a8 )00, for J=2,...,p
141én ' 1d
ths test with the critical region
: ' 2
(3.7 | T, * O\n(x-), °<K<'
hes an asymptotic size Y, a8 n—,w[ :(x’) is (l-x’)-—qu-ntue of
distribution with m degrees of frdeOIa j moreover, its Pitman efficiency with
respect to the classical F-test coincides with the ARE of the trimmed LSE to the

classicel LSE. This is proved in Jureékovi (1983b) for the case of polynomial reg-
ression but the proofs ®pply to the present setup as well,

2

Ruppert and Caroll (1960) mention the possible tests of Hy : KB = ¢ with
~ being en 1x(p-1) matrix of the renk 1, under the conditions 1°-4°. Tre latter
conditions do not cever the polynoiiul regression but hopefully the tests can be ex-
tended to more genersl cases with the aid of metodology developed in Jureikové (1983p,
1984). ) .

Parsllel tests buiodvcn 1'-eotin-tor were developed by Koenker and Bassett
(1982a); the tests represent analogous of clssical Wald's, likelihood retio and
Lagrange multiplier test, respectively. In snother paper, Koenker and Bassett(1952b)
propose a test of hoteroncbd-aticity based on regression quantiles, more precigely,

a test of hypothesis H, : 'K= 0 in the model

(3.8) Yi a;i; xij Pj + 61 Ei’ | i=1,...,n

with



[

(3.9 . & =1+n (Z’ 24 th Y, 1=1,...,n
. k=1 ‘ . .
where x,; ond z; (i1s1,...,n; J-l,...,p, k*i,...,r) are known constants,

Pt ( ﬁ,.....' ) and ¥= ( X],..., x; , unknown paremeters and h is ¢ known,
smooth positive function. The power of the test based on regression Quantiles is less
sensitive to the kurtosis ¢f E ( and thus to poauibly 1ong-tn11¢d diatributionu)
than the tests eorlior proposed ror nornnlly distribntod Ei'
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